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ABSTRACT 
A "weightless" as t ronaut  can employ ce r t a in  movements of h i s  limbs 
TO t o  alter e i t h e r  the or ien ta t ion  or  the a t t i t u d e  motion of h i s  body- 
study such limb maneuvers, pr inciples  of r i g i d  body dynamics are applied 
t o  models of the human body. 
Maneuvers producing pi tch,  yaw, and r o l l  reor ientat ions are 
described, and t h e i r  effectiveness i n  changing the or ientat ion of a man 
i n i t i a 8 l y  a t  rest as regards ro ta t iona lmot ion  i s  explored. 
of these analyses j u s t i f y  considerable optimism regarding the use of 
limb movements as a se l f - ro ta t ion  technique. 
The r e s u l t s  
When the human possesses i n i t i a l  ro ta t iona l  motion, i t  is theoret- 
i c a l l y  possible t o  perform maneuvers which convert the motion t o  a more 
desirable  form. 
k ine t ic  energy and the nature of the motion. 
maneuvers i n  question must be performed with such precision tha t  i t  is  
exceedingly d i f f i c u l t  t o  control  tumbling motions by means of limb 
movements. However, the methods developed can be applied successfully 
t o  control  mocions of ce r t a in  a r t i f i c i a l  satellites. 
The underlying ra t iona le  involves re lat ionships  between 
Analysis shows tha t  the 
Portions o f  the material covered i n  t h i s  report  were presented 
previously i n  Technical Report No. 190 (1968) of the Department of 
Applied Mechanics. 
repQrt self-contained. 
They are repeated here i n  order to  render the present 
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1 e Lntroduction 
1.1 Background 
To perform c e r t a i n  tasks which arise i n  connection with manned space 
f l i g h t ,  an astronaut  must be able t o  control  the motion of h i s  body while 
i n  a state of f r ee  f a l l  ("weightlessness"). 
matter i n  s i t ua t ions  t h a t  permit the astronaut t o  maintain d i r e c t  contact 
This i s  a r e l a t i v e l y  simple 
with some p a r t  of a space vehicle ,  fo r  he can then exploi t  forces that 
come i n t o  play as a r e s u l t  of such contacts.  Indeed, t h i s  method has 
been used extensively i n  space missions, and it is a pract icable  one 
whenever the vehicle  is r e l a t i v e l y  small and a i d s ,  such as  handgrips, can 
be conveniently located on the ex ter ior  of the spacecraft  t o  f a c i l i t a t e  
extravehicular a c t i v i t y .  
With the advent of la rger  space vehicles ,  or with more ambitious 
extravehicular missions, i t  may occur tha t  an astronaut  cannot maintain 
contact with h i s  space vehicle.  I n  t h i s  case, the only way to  control 
t r ans l a t iona l  motions of the astronaut  i s  to  supply him with a device 
capable of generating forces,  such as a gas gun. There are ,  however, a t  
Beast two a l t e rna t ives  for  control l ing changes i n  the or ien ta t ion  of the 
astronaut.  One i s  t o  use a maneuvering u n i t  which employs e i t h e r  gas jets 
devices. The other i s  t o  u t i l i z e  r e l a t i v e  motions of pa r t s  
of the body of the astronaut  as do trampolinists,  trapeze performers, and 
divers ,  This option i s  a t t r a c t i v e  because it eliminates both the danger 
of mechanical f a i l u r e  and the weight penal t ies  associated with carrying 
any device and i t s  fue l  or power supply. 
control  or ien ta t ion  by means of limb maneuvers could provide a "back-up7' 
I n  any event, the a b i l i t y  t o  
- 2- 
capabi l i ty ,  should primary re l iance  be placed on the f i r s t  a l te rna t ive .  
These considerations motivated the work described i n  t h i s  disser ta t ion.  
Before proceeding t o  a b r i e f  descr ipt ion of the problems to  be dis- 
cussed, i t  is helpful  t o  introduce three intersect ing,  mutually perpen- 
dicular  Pines and three planes which are fixed relative t o  the torso of 
a man. I n  accordance w i t h  familiar aeronautical  usage, these l i n e s  are 
The yaw axis has the same general ed the p i tch ,  roll, and yaw axes, 
or ien ta t ion  as the spine,  and the p i t ch  axis passes from l e f t  t o  r igh t .  
The locat ion of the point of in te rsec t ion  of the axes is selected i n  a 
manner that f a c i l i t a t e s  analysis  and may therefore d i f f e r  from one anal- 
y s i s  to  the  next. 
by the axis normal t o  it; e.g., the p i t ch  plane is the plane normal t o  
the p i tch  axis. 
The plane determined by a p a i r  of axes is  designated 
The problems t o  be solved a11 deal  with a man i n  free f a l l ;  t ha t  is, 
the system of a l l  forces act ing on the man i s  presumed t o  be equivalent 
t o  a s ingle  force act ing a t  h i s  mass center; and they f a l l  i n to  two 
classes: e i t h e r  the man is i n i t i a l l y  a t  rest as regards ro t a t iona l  motion, 
o r  he is not. 
man's limbs are a t  rest r e l a t i v e  t o  the torso- The problem, then, is t o  
discover motions of the imbs which, i n  the f i r s t  case, lead to  desired 
I n  both cases, i t  i s  assumed that i n i t i a l l y  a l l  of the 
changes i n  or ien ta t ion  and,in the second case, to  advantageous modifica- 
t ions of a t t i t u d e  motions. I n  both cases, i t  is  required tha t  the 1;imbs 
ult imately re turn  t o  their or ig ina l  posi t ions relative to  the torso. 
For a man i n i t i a l l y  without ro t a t iona l  motion, i t  is  not d i f f i c u l t  
to  e s t ab l i sh  qua l i t a t ive  relat ionships  between ce r t a in  limb movements and 
associated ro ta t ions  of the torso. For example, it is apparent t h a t  sym- 
metrical ro ta ry  motions of the arms will lead t o  a p i tch  ro ta t ion  of the 
- 3- 
torso,  What i s  more d i f f i c u l t  is  t o  a r r ive  a t  a quant i ta t ive description 
of such a maneuver. 
t o  assess any proposed method from a p rac t i ca l  point  of view. 
cided, therefore,  t o  undertake ana ly t ica l  s tudies  of spec i f ic  maneuvers 
which produce ro ta t ions  around the p i tch ,  yaw, and r o l l  axes. 
a f a c t  t h a t  any change whatsoever i n  the or ien ta t ion  of a r i g i d  body can 
be produced by three successive ro ta t ions  about e i the r  two or  three body- 
fixed axes. In other words, a man can achieve any desired change i n  or i -  
entat ion by performing, for example, successive pi tch,  yaw, and r o l l  ma- 
neuvers or ,  a l t e rna t ive ly ,  a yaw, a p i tch ,  and another yaw maneuver. 
Accordingly, analyses of maneuvers leading t o  p i tch ,  yaw, and r o l l  reori-  
entat ions are presented i n  Chapters 2, 3, and 4, respectively. The 
This, however, is precisely what i s  needed i n  order 
It was de- 
Now, i t  is  
r e s u l t s  of these analyses j u s t i f y  considerable optimism regarding the use 
of  limb movements as a se l f - ro t a t ion  technique. 
When the man has i n i t i a l  ro t a t iona l  motion (while h i s  limbs are a t  
rest r e l a t i v e  t o  h i s  torso) ,  the s i t ua t ion  i s  d i f f i c u l t  t a  visual ize .  In- 
deed, it seems unl ikely tha t  i n t u i t i o n  w i l l  indicate  how t o  convert, say, 
an undesired tumbling motion in to  a simple spinning motion. A s t ra tegy 
for accomplishing t h i s  task,  based on energy considerations and leading 
t o  a descr ipt ion of su i tab le  limb motions, i s  discussed i n  Chapter 5. 
After digressing, i n  Chapter 6 ,  to  develop convenient equations of  
motion, t a c t i c s  t o  implement the s t ra tegy  se t  for th  i n  Chapter 5 are de- 
vised i n  Chapter 7 for  a man who wishes to  alter h i s  a t t i t u d e  motion by 
moving only one arm. 
f e a s i b i l i t y  of employing limb motions to  control  human a t t i t u d e  motions, 
but they suggest t ha t  the underlying ideas may well prove useful i n  the 
control  of a t t i t u d e  motions of spinning spacecraft .  
The r e s u l t s  of t h i s  analysis  cast doubt on the 
Accordingly, 
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a t t i t u d e  control  of  a symmetric satellite by means of a driven pendulum 
is discussed i n  Chapter 8 .  
31.2 
Even p r io r  t o  the space p r o g r a ,  the d isc ip l ine  of mechanics had been 
brought t o  bear on questions involving physica 
ear ly  work was performed by coaches and others in te res ted  i n  understand- 
ing a t h l e t i c  feats .  A review of such l i t e r a t u r e  w a s  presented by Smith 
[l], whooe work w%1 be considered shor t ly  i n  more de t a i l .  
erable  e f f o r t  has been expended on the determination of ce r t a in  physical 
propert ies  of the segments of the  human body. Since such information is 
ac t iv i ty .  &ch of t h i s  
Also, consid- 
of  g rea t  importance i n  the  appl icat ion of mechanics t o  humans, Sec. 1.3 
is  devoted t o  a thorough review of t h i s  subject. 
One of the f i r s t  authors t o  deal  with the problem of changing one's 
or ien ta t ion  by means of limb maneuvers when i n i t i a l l y  a t  rest as regards 
ro t a t iona l  motion was  Kulwicki [2 ] ,  who proposed nine maneuvers, each 
intended t o  produce a ro t a t ion  of the torso about e i the r  the pi tch,  yaw, 
or  r o l l  axis. 
p la in  the qua l i t a t ive  descriptions provided by Kulwicki, but  only one of 
Some attempt was made t o  invoke l a w s  of mechanics t o  ex- 
the nine maneuvers was ac tua l ly  studied analyt ical ly .  
done by Stepantsov [3] i n  the U,S.S.R. 
of these works, the ana yses put fo r th  are inadequate. 
and Stepantsov did demonstrate good physical in tu i t ion .  
posed the yawmaneuver t o  be considered i n  Chapter 3 of the sequel, and 
both authors proposed the p i tch  manewer analyzed i n  Chapter 2, as well 
as a yaw maneuver s imilar  t o  the r igh t ing  movements performed by a cat 
dropped from rest upside-down. 
S imi la r  work was 
Smith [I] points  out  tha t ,  i n  both 
However, Kulwfckf 
Stepantsov pro- 
(See the 'Bpinwheel" maneuver i n  [2] and 
- 5- 
page 10 of [3],  
not appear t o  be used by ca ts .  
f a l l i n g  cats, descr ibes  a simple ana ly t i ca l  model, and analyzes a basic  
maneuver; and Kane and Scher [ 4 ]  present a s i m i l a r ,  but more complete, 
analysis.) 
The maneuver which Kulwicki ca l l ed  the "Ca t  Reflex" does 
Smith [l] presents  a review of research on 
A problem of human se l f - ro t a t ion  was attacked mathematically by 
'Whitsett [5 ] ,  who developed a r e l a t i v e l y  sophisticated mathematical model 
of the human body, formulated equations governing the planar motion Of a 
system of two hinged bodies, and applied these equations t o  a man who 
r o t a t e s  h i s  anus i n  planes p a r a l l e l  t o  the p i t c h  plane. Whitsett a l so  
considered a wide v a r i e t y  of other  problems dealing with weightless man, 
including a planar ana lys i s  of the  t r ans l a t ion  and ro t a t ion  of a r i g i d  
man under the influence of a body-fixed force misaligned with h i s  mass 
center ,  consideration of  the s t a b i l i t y  of the motion of a man i n  a pusi- 
t i o n  of "attention" while spinning about h i s  yaw axis, optimal choice for  
the d i r ec t ion  of t h r u s t  of a gas gun, and estimation of the torques which 
a man can apply t o  an objec t  by hand when the remainder of h i s  body is 
unconstrained. Most of  these topics  were t r ea t ed  b r i e f ly ,  and those deal- 
ing with reor ien ta t ion  have now been pursued t o  grea te r  depth. 
[6 ,7 ]  has provided an improved model of a human subject ,  Smith [l] has 
extended the ana lys i s  of  planar motions, and Chapter 2 of the sequel 
treats the  ro t a ry  arm maneuver i n  f u l l  de t a i l .  
Hanavan 
A major s t e p  i n  the d i r ec t ion  of increased ana ly t i ca l  complexity was 
taken by McCrank [ 8 ] ,  who developed equations fo r  three-dimensional a t t i -  
tude motion of a nine-segment model of a human, and used these t o  create 
a computer program i n  which the  user  can prescribe the time h i s t o r i e s  of 
motions of the limbs relative t o  the torso and can specify i n i t i a l  values 
- 6- 
of  components of the angular veloci ty  of the torso. 
t ion  of the equations of motion is then performed, resu l t ing  i n  a time 
h is tory  of the angular ve loc i ty  components of the torso. 
ered several  sample problems, including some i n  whiih the man is z,ot 
i n i t i a l l y  a t  rest as regards rotat iona motion. H i s  program has two 
drawbacks: It provides information only on angular rates, not on att i-  
tude var iables;  and the user must prescribe the motions of the limbs 
r e l a t i v e  t o  the torso i n  terms of three-axis Euler angles, which may not 
be convenient i n  the analysis  of a par t icu lar  limb movement. Perhaps it 
i s  for  t h i s  reason tha t ,  i n  considering a symmetric ro ta t ion  of the arms 
(Motion No. 4 i n  [8]) ,  McCrank prescribed a motion which v io la tes  physi- 
ological cons t ra in ts  a t  the shoulder j o in t .  
A numerical integra- 
McCrank consid- 
(A way t o  avoid t h i s  is 
demonstrated i n  Sec. 2.2 of the sequel.) 
An even more ambitious task was undertaken by the Martin Marietta 
Corporation and reported by Tewell  [9]. 
weightlessness simulator. 
The torso of a man is  strapped t o  a gimbaled carr iage capable of moving 
with six degrees of  freedom; the man is permitted t o  move h i s  limbs; the 
variationsof ce r t a in  angles which specify the or ien ta t ion  of the limbs 
r e l a t ive  t o  the torso are continuously monitored e l ec t r i ca l ly ,  and these 
electrical s ignals  are fed to  a combination analog-digital  computer which 
determines the behavior the torso would possess i n  f r ee  f a l l  and causes 
servo-motors to dr ive the carr iage i n  such a way as to  give the torso the 
required or ientat ion.  From an ana ly t ica l  point o f  view, the system i s  no 
more sophis t icated than the analysis  by McCrank [ 8 ] ;  however, it allows 
the limb motion inputs ,  which must be prescribed mathematically fo r  
This was the construction of a 
The essence of the simulator is as follows: 
- 7- 
McCrank's program, t o  be generated by a man; and the  output i s  a physical 
reor ien ta t ion  of the man, r a the r  than a time h i s to ry  of angular rates. 
Certain d i f f i c u l t i e s  arise i n  connection with the Martin simulator: 
Not a l l  of the degrees of freedom which a human ac tua l ly  possesses are 
detected by the limb motion sensors; the mathematical modelling of the 
man could be improved (see Sec. 1.3 fo r  de t a i l s ) ;  and the ro t a t ions  o f  
the gimbals are l imi ted  so  t h a t  some 360 degree reor ien ta t ions  are unat- 
ta inable  and some s i tua t ions  i n  which the man has rotat iom: motion, even 
when moving as a s ing le  r i g i d  body,,cannot be considered. Nevertheless, 
the simulator i s  probably a convenient device on which t o  learn  how t o  
maneuver and t o  obtain a very clear idea of the r e s u l t s  of ce r t a in  li.mb 
mot ions. 
The most elegant treatment of the problem of f r ee ly  f a l l i n g  humans 
who are i n i t i a l l y  without ro t a t iona l  motion was presented by Smith [I]. 
After coining some convenient terms, he defined two problems as follows: 
Consider a co l l ec t ion  of hinged r i g i d  bodies and ca l l  one of them the 
main body., L e t  generalized coordinates which describe the a t t i t u d e  of 
the  main body i n  i n e r t i a l  space be ca l l ed  ex terna l  var iab les ,  and call  
generalized coordinates which describe the or ien ta t ions  of the other  
bodies r e l a t i v e  t o  the main body in t e rna l  var iab les .  Then the F i r s t  
Problem i s  t o  prescribe time h i s t o r i e s  of the in t e rna l  var iab les  and seek 
the r e su l t i ng  time h i s t o r i e s  of the ex terna l  var iab les ,  and the Second 
Problem is t o  specify the i n i t i a l  and f i n a l  values of the in t e rna l  and 
ex terna l  var iab les  and t o  seek time h i s t o r i e s  of the in t e rna l  var iab les  
which lead t o  the  desired f i n a l  values. 
was considered i n  [ 5 f ,  [81, and [91. 
-
Clearly, only the F i r s t  Prsblem 
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Using the F i r s t  Problem approach, Smith considered both planar and 
general motions of systems of two and three bodies with zero angular 
momentum. 
analyzed which can be performed e i the r  with the arms o r  with the legs  and 
which produces yaw r o t a t i o n  accompanied by small amounts of p i t ch  and 
r o l l .  I n  considering the  Second Problem, Smith [1,10] found that no 
so lu t ion  may exist i n  c e r t a i n  cases and t h a t ,  i n  o thers ,  the  so lu t ion  
may not be unique. Using Calculus of Variations, Smith showed how t o  
I n  the case of three bodies i n  general motion, a maneuver was 
pose a well-defined problem, and then employed numerical f in i te -d i f fe rence  
techniques t o  work out  a pa r t i cu la r  example. This example was r e l a t i v e l y  
simple and of l i t t l e  p rac t i ca l  importance,and it appears t h a t  appl ica t ion  
of Smith's methods t o  more complicated problems could e a s i l y  become pro- 
h i b i t  ive ly  complex. 
Employing the approach of the  F i r s t  Problem, Riddle [ll] analyzed a 
general class of armmaneuvers i n  which one o r  both of the arms pe r fom 
ro ta ry  motions relative t o  the torso.  The r e s u l t s  of t h i s  ana lys i s  are 
embodied i n  a computer program presented i n  the appendix of [ l l ] .  This 
program is very v e r s a t i l e  and has been used by the present author t o  
consider a wide v a r i e t y  of arm and l eg  maneuvers. 
explanation of Ridd e ' s  ana lys i s ,  and some useful  conclusions concerning 
r o l l  reor ien ta t ions  are presented i n  Sec. 4 . 3 .  
Sec. 4.2 contains an 
Passerello [12], using a model of the human similar t o  those of 
McCrank [8] and Tewe l l  [9], derived equations fo r  the a t t i t u d e  motion of 
a ten-segment man. 
t h i s  derivation is e s s e n t i a l l y  a r e p e t i t i o n  of McCrank's. 
no t  program h i s  equations and, i n  order t o  produce numerical r e s u l t s ,  
Again, a F i r s t  Problem approach was used, so t h a t  
Passerel lo  did 
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reduced the number of degrees of freedom i n  h i s  system t o  two and then 
obtained closed form solut ions for  the  changes i n  or ien ta t ion  produced 
by two d i f f e r e n t  arm motions. I n  one of these,  he duplicated the planar 
two-body problem of Smith El], and the other  so lu t ion  is  similar t o  t h a t  
fo r  phase 2 of the yaw maneuver analyzed i n  Sec. 3.2 of the sequel.. 
F ina l ly ,  the analyses and discussions of the p i t ch  and yaw naneu- 
vers considered i n  Chapters 2 and 3 of the sequel w i l l  be made more wi6el.y 
ava i lab le  i n  a forthcoming paper by Kane and Scher [13]. 
One might suppose t h a t  information regarding the e f f e c t  of h-ma~. 
limb motions could be extracted from research connected with the  in te r -  
ac t ion  between man and h i s  spacecraft  o r  maneuvering devices. However, 
t h i s  seems not t o  be the  case. Po l i  [14], fo r  instance, modelled the 
human as a poin t  m a s s  when considering the e f f e c t  of h i s  motions on space- 
craft a t t i t u d e .  Tieber [15] even went to  the t rouble  of t rying t o  improve 
on Hanavan's model of the human i n  connection with s tud ies  of an astronaut 
maneuvering system. However, i n  the problems he considered, the  e n t i r e  
human remained r ig id .  F ina l ly ,  Kurzhals [16] documented an elaborate  
computer program fo r  determining the e f f e c t  of limb motions on spacecraf t  
a t t i t u d e ,  but d id  not present any results. .  
Turning t o  invest igat ions concerned with a man who is i n i t i a l l y  spin- 
ning or  tumbling, one f inds  t h a t  the ana ly t i ca l  d i f f i c u l t i e s  are consider- 
ably g rea t e r  and, consequently, t h a t  r e l a t i v e l y  l i t t l e  work on tMs sub- 
j e c t  has been published. Whitsett [5] considered the s t a b i l i t y  of a man 
spinning about h i s  yaw axis, regarding the man as a r i g i d ,  but energy 
d iss ipa t ing ,  body. (While t h i s  seems self-contradictory,  i t  is  an idea 
much used i n  connection with satell i te a t t i t u d e  s t a b i l i t y  s tud ies ,  e.g., 
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[E'].) 
i n  a manner tha t  alters the nature of h i s  ro t a t iona l  motion 
Motion No. 10 of [ 8 ] )  
of [ 8 ] )  i n  which the limb motions are such tha t  the or ientat ion in the 
torso of the  d i rec t ion  about which the man i s  spinning remains unchanged. 
I n  t h i s  sense, these las t  two maneuvers resemble the well-known example 
of the spinning ice-skater who extends h i s  arms t o  reduce h i s  spin rate 
(e.g., see p. 2 of [21). This is  not  a sa t i s fac tory  example of the kind 
of a t t i t u d e  motion control  to  be discussed i n  the sequel, for ,  when the 
arms are re t rac ted ,  the skater recovers h i s  i n i t i a l  spin rate. 
McCrank [81 considered one example i n  which a man moves h i s  limbs 
(e.g., see 
and two examples ( i*e.> Motions No. 6 and No. 11 
There e x i s t s  a small body of l i t e r a t u r e  which deals d i r ec t ly  with 
the problem of a l t e r ing  the a t t i t u d e  motions of multi-body systems by 
means of prescribed r e l a t i v e  motions of  the par t s .  As ea r ly  as 1896, 
Fouch6 [ 181 recognized tha t  such a l t e r a t ions  could be achieved employing 
cyc l ica l  r e l a t i v e  motions of the par t s ,  t ha t  is ,  r e l a t i v e  motions which 
ul t imately r e s to re  the system t o  i t s  i n i t i a l  r e l a t i v e  configuration, 
Fouchk a l so  rea l ized  t h a t  changes i n  the k ine t ic  energy of such systems 
are possible. 
suggested tha t  satell i te a t t i t u d e  control  schemes could be based on these 
considerations. 
ac tua l ly  describing su i tab le  r e l a t i v e  motions, 
motions is a central feature  of Chapters  7 and 8 and of a forthcoming 
paper by Kane and Scher [20]. 
More recent ly ,  Fang [19] made the same observations and 
However, both of these invest igat ions stopped shor t  of 
Determination o f  these 
A closely r e l a t ed  problem was considered by Letvin-Sedoy [ a l l ,  
namely, the poss ib i l i t y  of prescribing the i n e r t i a l  angular rates of the 
main body of a system and seeking the angular ve loc i t i e s  which the other 
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bodies must possess r e l a t i v e  to  the main body i n  order t o  produce the 
prescribed motion. 
a r e l a t i v e l y  simple algebraic  problem, provided tha t  there are only three 
possible degrees of freedom i n  the r e l a t i v e  motion. Smith [l] considered 
a very similar problem, tha t  of finding time h i s to r i e s  of the in te rna l  
var iables ,  ra ther  than the in te rna l  rates, which lead to  prescribed 
angular rates o f  the  main body. 
than the former because, once the algebraic manipulations are completed, 
a forward in tegra t ion  i s  required. However, Smith r igh t ly  pointed Q U ~  
t ha t  d i f f i c u l t i e s  may occur i n  the algebraic p a r t  of the problem i n  tha t ,  
when attempting t o  solve the scalar equations of motion t o  obtain expres- 
sions for  the time derivat ives  of the in te rna l  var iables  i n  terms of the . 
prescribed angular rates of the main body, i t  may occur tha t  the matrix of 
coef f ic ien ts  of the der ivat ives  of the in te rna l  var iables  becomw singu- 
lar, i n  which case the existence of a solut ion i s  i n  doubt. 
these two problems d i f f e r  from those t o  be considered i n  the sequel i n  
tha t ,  i n  the l a t te r ,  a non-zero angular momentum is assumed and the in te r -  
na l  var iables  are required to  re turn  t o  the i r  i n i t i a l  values. 
When the system angular momentum is zero, t h i s  becomes 
This latter problem is  more formidable 
In  aay event, 
There e x i s t s  a la rge  body of l i t e r a t u r e  concerned with the a t t i t u d e  
control and s t a b i l i t y  of  multi-body a r t i f i c i a l  satellites, and with spe- 
c i f i c  control  devices, such as react ion wheels, gravi ty  gradient booms, 
and nutat ion dampers. 
t ua l ,  v i sua l ,  o r  ana ly t ica l  resemblance t o  the work a t  hand, and w i l l  thus 
be discussed br ie f ly .  
A few of these invest igat ions bear a close concep- 
Studies of the behavior of satell i tes with moving pa r t s  can be di- 
v%A?d into three categories: F i r s t ,  the pa r t s  of a system may per fom 
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prescribed re a t ive  motions which are independent of the a t t i t u d e  motion 
of the main body of the system., 
satell i te comprised of a symmetric r i g i d  body on whose symmetry axis two 
par t i c l e s  o s c i l l a t e  i n  a prescribed fashion. A t  first glance, t h i s  seems 
t o  be a good example of a case i n  which prescribed r e l a t i v e  motions serve 
For instance,  Kane [22] considers a 
a system, but ,  s ince the choice of o sc i l l a t ion  parameters has 
no r e l a t i o n  t o  the satell i te motion, t h i s  is ac tua l ly  a s t a b i l i t y  problem. 
Nexf, appendages of a satell i te may be continuously driven i n  a 
manner dependent on the instantaneous a t t i t u d e  motion of the main body. 
A l l  feedback control  systems, such as those employing react ion wheels or  
control  moment gyroscopes, belong t o  t h i s  category. Some of these con- 
t r o l  systems employ mechanisms consis t ing of rods or  booms which, a t  
least v isua l ly ,  resemble the open-loop satel l i te  control  system discussed 
i n  Chapter 8. Gutman [23], for  instance,  proposed a system consisting 
of a pendulum which i s  attached t o  a r i g i d  vehicle and which i s  driven 
with an amplitude proportional t o  the magnitude of the undesired a t t i t u d e  
osc i l l a t ions  of the satel l i te  and with a period governed by the period 
of the satell i te osc i l la t ions .  Gat l in  [24] and Lelikov [25] suggest 
construction of satellites attached by gimbals to  long booms. Control 
i s  t o  be effected by exploit ing react ion torques applied between the sat- 
l i t e  and i t s  booms. It is  assumed t h a t  grav i ta t iona l  torques will 
serve t o  keep the booms i n  or  near some nominal a t t i t ude ,  despite the 
presence of the occasional torques exerted by the satell i te.  
of these systems are intended t o  explo i t  g rav i ta t iona l  torques i n  some 
fashion, the assumption of f r ee  f a l l  has been rejected.  
Since a l l  
Final ly ,  the pa r t s  of a space vehicle  may be f ree  to  move under the 
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ac t ion  of i n e r t i a  forces  as the main vehicle performs various a t t i t u d e  
motions, 
connection with the r o l e  of energy d iss ipa t ion  i n  passive a t t i t u d e  con- 
t r o l ,  and a r epor t  by Likins [26] contains an extensive bibliography on 
t h i s  subject .  
passive damping of a t t i t u d e  motions and the ac t ive  coxtrol  scheme con- 
s idered i n  Chapter 8, some passive systems employ pendulous dampers which, 
a t  least supe r f i c i a l ly ,  resemble the system described i n  Sec. 8,l. The 
Analyses of s i t ua t ions  of t h i s  kind have been performed i n  
Although there  are pronounced differences between the 
reader who would l i k e  t o  examine passive pendulous damping systems i n  
more d e t a i l  i s  r e fe r r ed  t o  the works of Alper [27] and Maseltine f25]. 
The problem of developing appropriate a t t i t u d e  equatians for multi- 
body systems has received a g rea t  deal  of a t t e n t i o n  and can be coafusing,' 
espec ia l ly  when one s t r i v e s  t o  preserve the appearance of c l a s s i c a l  equa- 
t ions  fo r  the r o t a t i o n a l  motion of a s ing le  r i g i d  body. Witness, f m  
instance,  the recent  attempt of Hrushow [29], who d i f f e ren t i a t ed  the 
equation & = I 0 u) with respect t o  time i n  an i n e r t i a l  reference frame 
t o  obta in  & = I e ,W I- I e - where - h 
- -  
is  the angular momentum sf a non- 
r i g i d  system of p a r t i c l e s  about the system m a s s  cen ter ,  z is the cen- 
t r o i d a l  i n e r t i a  dyadic, and 2 is the angular ve loc i ty  cf l'someChing.ll 
Exactly what t h a t  "something" is ,  is d i f f i c u l t  t o  say s ince no r i g i d  
reference frame has been defined. Moreover, even if one introduces some 
reference frame R i n  which the p a r t i c l e s  of the  system move i n  some 
spec i f ied  way, the o r ig ina l  expression for  & is  incomplete since the 
angular momentum for  a system of 
given by & = 
n p a r t i c l e s  about t h e i r  mass center  is 
m r .  x v .  where r and v a r e  the positfon and. c i -1 -1 -i -i 
i=l 
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veloci ty  vectors ,  respect ively,  of the i- th  p a r t i c l e  of mass m. relative 
1 
to  the system mass center.  Expressing v .  as - r .  Rd + g  R x s i  where 
-1 d t  -I 
denotes time d i f f e ren t i a t ion  i n  R and gR is the i n e r t i a l  angular Rd d t  
-
veloci ty  of R, one obtains & = - -  I 0 
i=1 
n 
I = 1 mi (ri 2 E - r r.) and where E is a u n i t  dyadic. The f a s t  - -i -1 - 
i=l 
term i n  t h i s  expression for  & i s  omitted by Hrushow. 
A d i f f e ren t  point  of confusion w a s  encountered by Chobotov [30] i n  
taking the time der ivat ive of 3 0 i n  an i n e r t i a l  reference frame 
where I now represents the i n e r t i a  dyadic of a r i g i d  body R wbse 
R 
angular ve loc i ty  is - w . This d i f f e ren t i a t ion  led  t o  terms analogous t o  
b - “d - I d t  - ( e . g . ,  see [‘r] and E’] i n  Fig. 4 o f  [30]) which c l ea r ly  must 
vanish i f  R is r i g i d  as hypothesized. Indeed, Chobotov‘s equations 
become cor rec t  when these terms are omitted. 
Sat isfactory equations for  the a t t i t u d e  motions of multi-body sys- 
t e m s  have been derived by a number of authors. These equations fall i n t0  
two classes, depending on the nature of the physical system. 
class, which w i l l  be of i n t e r e s t  i n  the sequel, deals  with s i t ua t ions  in 
The f i r s t  
which it i s  assumed t h a t  the pa r t s  of a system perform prescribed motions 
relative t o  a main body and, therefore,  three components of angular veloc- 
i t y  of the main body are the only unknowns. 
present equations of t h i s  nature for  the motion of a nine-segment: model 
of a man; Grubin [31] derives them for  a multi-body system under the 
McCrank [SI and TewePl [9] 
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ac t ion  of an a r b i t r a r y  force system; and Smith [I] derives &hen for  'mo 
and three body systems with no angular momentum. 
the second class are applicable when i t  i s  assumed t h a t  the appendages 
of the system are f r e e  t o  move under the influence of i n e r t i a  forces and, 
perhaps, e l a s t i c  and viscous forces  exerted on them by the  main body of 
the system., I n  t h i s  case,  there  are more than three unknown qua%ti t ies ,  
and a corresponding number of scalar equations must be derived. 
t ions  of t h i s  nature for  multi-body systems under t h e  influence o f  a gen- 
eral force system have been derived by Hooker [32]; 2nd for  a system of 
two bodies under the influence of g rav i t a t iona l  torques, the aypmpriate  
a t t i t u d e  equations have been presented by Fletcher [33]. Despite Lhis 
abundance of a t t i t u d e  equations, none is  w e l l  su i ted  for  present purposes, 
and it  is  thus preferable t o  derive equations cast i n  a form t h a t  permits 
the explo i ta t ion  of pa r t i cu la r  fea tures  of the problem under considera- 
t ion.  This course i s  followed i n  Sec. 6.1 for  a system of two bodies 
which perform prescribed r e l a t i v e  motions and are acted upon by a general 
force system. I f  the two bodies are connected by a simple hiage, ce r t a in  
s impl i f ica t ions  arise, as discussed i n  Sec. 6 . 2 .  
Equations belonging t o  
Equa- 
1 .3  I n e r t i a  Properties of Human Body Segments 
Analyses i n  which the human is modelled as a system of hinged r i g i d  
segments generally involve ce r t a in  segment proper t ies  such as mass, mass 
center  loca t ions ,  cen t ro ida l  i n e r t i a  dyadic, and hinge point  locations. 
Numerous attempts t o  obtain meaningful values for  these propert ies  have 
been made [34-421. A b r i e f  review of these invest igat ions w i l l  indicate  
def ic ienc ies  i n  cur ren t ly  ava i lab le  values and w i l l  reveal the or ig ins  sd: 
values employed i n  the sequel. 
Experimenters seeking values for segment properties have studied 
cadavers as we1 as living humans, During the first half of this ten- 
tury, the most noted investigations were those of Braune and Fischer 
[ 3 4 , 3 5 1 ,  who dismembered four cadavers and performed numerous measure- 
ments. 
lished similar data. 
More recently, Dempster [ 3 6 ]  dismembered eight cadavers and p;ub- 
By estimating segment volumes, either photographically or by direct 
measuremeqts, and by assuming the body to be of uniform density, Win- 
bach [ 3 7 ]  demonstrated how to calculate segment properties of lfving 
subjects. Most recently, Drillis 
[ 3 8 ]  estimated segment properties by employing a wide variety of experi- 
mental techniques such as immersion and plaster casting and by making 
occasional assumptions regarding mass distribution. This latter work is 
significant because it presents a thorough review of previous experhen- 
tal work and employs a population of living subjects whose weight and 
height distribution roughly resembles that of today's A i r  Force per- 
sonnel - 
However he did not publish such data. 
In addition to frequent large discrepancies in segment parameter 
values (e.g.,, see Tables IX or XI11 in [ 3 8 ] ) ;  the aforementioned investi- 
gations share one major deficiency: they do not involve enough measure- 
ments to enable one to determine the centroidal inertia dyadic of any 
body segment. Consequently, they fail to provide sufficient information 
for certain three-dimensional analyses involving the dynamics of b0d.y 
segments. 
Some investigators have sought inertia properties of the human as a 
whole when the limbs are held fixed relative to the torso. With the aid 
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of a compound pendulum, Santschi [39] measvred mass center lccetkons and 
moments of i n e r t i a  about three mutually perpendicular, but not necessar- 
i l y  p r inc ipa l ,  cen t ro ida l  axes on s ix ty - s ix  subjects ,  each i n  e igh t  d i f -  
fe ren t  limb configurations. 
subjec ts  was chosen t o  roughly approximate t h a t  of the 1950 U,S. A i r  
Force f ly ing  population as recorded by Hertzberg [ 4 0 ] ,  who also recorded 
the d i s t r i b u t i o n  among USAF personnel of a wide va r i e ty  of other  anthro- 
pometric measurements. Ref. [39]  a l so  includes a tabulation of  anthro- 
pometric measurements performed on each of the s ix ty - s ix  subjects  i n  
accordance with procedures out l ined by Hertzberg. 
The height and weight d i s t r ibu t ion  of the 
An a l t e r n a t i v e  procedure fo r  estimating the i n e r t i a  propert ies  of 
the human as a whole, bu t  yielding values of segment propert ies  as a 
by-product, was employed by Hanavan [6,7].  
system of f i f t e e n  hinged r i g i d  segments, each possessing a uniform mass 
d i s t r ibu t ion  and a r e l a t i v e l y  simple geometrical shape, e.g., the  arm, 
leg ,  and foot  segments were modelled as f r u s t r a  of r i g h t  c i r c u l a r  cones. 
The dimensions of the geometrical f igures  and the locat ions 05 hinge 
points  were t o  be obtained by performing twenty-four anthropometric 
measurements on the pa r t i cu la r  subject  being modelled. 
ized" model could be obtained for  a given individual. 
t ions  derived by Barter [41], the t o t a l  mass of the subject  was to be 
d i s t r ibu ted  among the f i f t e e n  segments. Once the mass and dimensions of 
each segment were determined, the mass center  locat ions and centroidal  
pr inc ipa l  moments of i n e r t i a  could be computed. 
r e l a t i n g  the o r i en ta t ion  of the segments t o  one another, the combined 
mass center  and cent ro ida l  moments and products of i n e r t i a  of the e n t i r e  
He modelled the huian az a 
Thus a "personal- 
Based on rela- 
After prescribing angles 
human could be calculated.  
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The particular anthropometric measurements required by the Hanavan 
model were chosen to coincide with those recorded in Refs. [39] and 1401, 
Thus Hanavan computed the mass center location, centroidal principal 
moments of inertia, and orientation of the corresponding principal axes 
for the 5th, _. 25th, - 50th, P 75th, - and 9 5 s  percentile USAF man in each of 
thirty-one different limb configurations. Unfortunately, Hanavan failed 
to publish the individual. segment parameters. 
of his computations, Hanavan modelled each of the sixty-six subjects 
To determine the accuracy 
measured by Santschi and compared his computed mass center and moment of 
inertia calculations with those determined experimentally, findFng dis- 
crepancies of less than ten percent in most cases e 
Perhaps the most suspect part of the Hanavan procedure is the use 
of Barter8s relations, which are linear regression equations expressing 
segment weights as a function of total body weight and were obtained by 
a least-squares €it to the segment mass data presented in [ 3 4 ] ,  [35], and 
[36]. Thus a part of the experimental work on cadavers is incorporated 
in the Hanavan model. The nature of the regression equations is ouch 
that the sum of the segment weights does not necessarily equal the total. 
body weight. Hanavan surmounted this difficulty by distributing the 
difference propor tiona By among the segments. A far more serious qmes- 
tion concerns the applicability of the regression equations to the I?W 
flying population since the height and weight distribution of the cadav- 
ers from which the equations were derived is far removed from that of 
USGF personnel, 
The results of Hanavan and Santschi were employed by Woolley [42], 
who wished to obtain values for the segment properties which are 
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dependent on the build of the particular man being modelled, y e t  wanted 
to avoid arduous anthropometric measurements. Noolley inserted the 
measurements made on each of Santschi's subjects into the Hamvan msdoP. 
and computed the segment properties for each. By using a feast-squares 
technique, he obtained linear regression equations providing segment 
properties as functions of total body weight. Tnus a short s t o u t  man 
and a tall lean man with equal total weights would be assigned the same 
values for segment properties. In this sense, Woolley "impersonalized" 
the "personalized" Hanavan model. The user of Woolley's results should 
be cautioned that the foot and lower leg segments were combined incor- 
rectly so that the regression equations for moments of inertia of the 
lower leg and foot about the "X" and I T r  axes (e.g., see Eqs. (31) and 
Fig. 22 in [ 4 2 ] )  should be interchanged. 
Some refinements in the Hanavan model were introduced by Tieher [15] 
in an attempt to bring the calculated moments =€ inertia of the entire body 
closer to those measured in [39]. To this end, three additional anthropo- 
metric measurements were introduced and Barter's equations were replaced 
with new regression equations obtained from as yet unpublished work at 
the USAF Aerospace Medical Research Laboratories. Tieber, like Hanavan, 
neglected to publish any values for the segment properties. "!ne result- 
ing improvements in the values of moments of inertia of the entire man 
are small (e.g., compare Fig. 6 of [15] to Fig. 16 of [ 6 ] )  and, due to 
the inadequacy of the experimental work on segment properties, thzre is 
no way to tell whether or not these modifications of the Hanavan model 
lead to improvements in values of segment properties. 
Analysts in need of values for segment properties have obtained them 
- 20- 
in various ways. 
Whitsett [ 5 f ,  developed their own models using the measurements reported 
in [36] and [40]. Kulwicki's model is relatively crude while Whitsett's 
appears to be a precursor of Hanavan's. 
tute the anthropometric measurements of the sixty- third subject measured 
by Santschi into the Hanavan model, but gave no reason for the choice of 
the particular subject and performed the substitutions incorrectly (e.g., 
compare Table I of [8] with case 63 in Appendix I1 of f42f). Tewell [9] 
employed Xoolley's regression equations and conveniently tabulated values 
of segment properties appropriate for men weighing between 140 and 220 
pounds, 
equations (e.g., the user of Tewell's tables should reverse IXX and IYY 
of segments 8 and 9 in Appendix A of [9]). 
Pre-Hanavan investigators, such as Kulwicki [2] and 
McCrank [8] attempted to substi- 
Unfortunately,Tewell failed to notice the error in Woolley's 
Values of segment properties employed in the sequel, as well as in 
* 
the work of Saith [I], Riddle [llf, and Passerello [12], were obtained 
by inserting the anthropometric measurements for the US@ 5 0 2  percen- 
tile man into the fifteen segment Hanavan model and by combining segments 
when practical. As a convenience to the reader, the properties of some 
of the combinations of segments in the Hanavan model are now presented. 
Fig. 1.1 depicts a nine-segment model of a man in a position of "atten- 
tion." In this position, the X, Y, 2 axes (shown in Fig. 1.1) are 
parallel to principal axes of each of the nine segments; and all linear 
dimensions indicaced in Fig. are measured parallel to either the 
Y or Z directions. Table 1.1 contains a list of the symbols appearing 
* 
Values cited in [I], [ll], and [12] were calculated by slide rule 
and therefore differ from those in the sequel, which were obtained by 
compu tex . 
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Fig. 1,l 
II II 
Nine- segment model of human 
Y 
x 
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Symbo 1 
B1 
B3'B3' 
334934( 
B5 ,B5 ' 
Bi 
B ,B ' 
2 2  
* 
1 
2 
S 
S 
L1 
dl 
L2 
d2 
L3 
d3 
L4 
d4 
L5 
d5 
m i 
Ixi 
I i  Y 
Table 1.1 
(Refer to Fig. 1. and Table le2.) 
Definition 
Rigid body representing torso, neck, and head. 
Rigid bodies representing right and left upper arms. 
Rigid bodies representing right and left forearms and hands. 
Rigid bodies representing right and left thighs. 
Rigid bodies representing right and left lower legs and feet. 
i' Mass center of body B 
Distance from torso centerline to shoulder joint. 
Distance from torso centerline to hip joint. 
Distance from line joining shoulders to line joining hips. 
Distance from line joining shoulders to 
Distance from shoulder joint to elbow. 
* 
B1 . 
* ,* Distance from shoulder joint to 'B2 or B2 . 
Distance from elbow to center of fist. 
* * 
Distance from elbow to Bg or B3' . 
Distance 'from hip joint to knee. . 
* * 
Distance f rom hip joint to B4 or B4' . 
Distance from knee to center of foot. 
* * 
Distance from knee to B5 or B5' . 
Mass of body Bia 
Koment of inertia of body Bi about a line parallel t o  X 
and passing through Bi*- 
Moment of inertia of body B. about a line parallel to Y 
and passing through Bi*. 
Moment of inertia of body B about a line parallel to Z i and passing through 
1 
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in Fig. 1.1 and definitions of these symbols. 
representing inertia properties are defined in Table 1.1; and values for 
both inertia and geometrical properties of a nine-segment, 50th percen- 
tile man are presented in Table 1.2. Similar material for a five- 
segment model of the USAF 50th - percentile man is presented In Fig. 1.2 
and Tables 1.3 and 1.4. Appendix A.l contains tables analogous to Table 
1.2 and Table 1.4 for the 5 g ,  25g, 75&, and 9 5 B  percentile USAF man. 
Some additional symbols 
-
Table 1.2 
Inertia Properties for a Nine-Segment Model 
of the USAF 5 0 e  Percentile Man 
(Refer to Fig. 1.1 and Table 1.1.) 
Segment 
B1 
B2,B2' 
B3 .B3' 
B4J34' 
B5 ,B5 ' 
m i 
2.78 
0.1585 
0.1308 
0,510 
0.326 
I i  
X 
1.743 
0.01760 
0 e 01889 
0.0721 
0.0745 
I i  
Y 
1.644 
0.01760 
0.01889 
0.0721 
0.0788 
I i  z 
0.257 
0.00191 
0.00105 
0.016 32 
0.00797 
s = 0.664 1 s = 0.253 2 
Total mass = 5.03 
Li 
I. 544 
0.961 
1.062 
1.508 
1.379 
di 
0.632 
0 0 374 
0 0 575 
0.788 
0.727 
(All lengths in feet, masses in slugs, and moments of inertia in 
2 slug- feet e ) 
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1111.. L L  
t 
F i g .  1 .2  F i v e -  segment  model of human 
Table 1.3 
Symbol 
B1 
B2'B2' 
B3"3' 
'i 
* 
1 
2 
S 
S 
L1 
dl 
L2 
d2 
L3 
d3 
IX 
l i  
m i 
i 
Y 
(Refer t o  Fig. 1.2 and Table 1.4) 
Definit ion 
Rigid body representing torso,  neck, and head. 
Rigid bodies representing r i g h t  and l e f t  arms tind hands. 
Rigid bodies representing r i g h t  and l e f t  legs and f ee t ,  
i' Mass center  of body B 
Distance from torso center l ine  t o  shoulder joine. 
Distance from torso center l ine  t o  h ip  jo in t .  
Distance from l i n e  joining shoulders t o  l i n e  joining hips. 
Distance from l i n e  joining shoulders t o  
Distance from shoulder j o i n t  to  center of f i s t .  
* 
B1 . 
* * 
Distance from shoulder j o i n t  t o  B2 o r  B2' . 
Distance from hip  j o i n t  to  center of foot .  
Distance from hip j o i n t  t o  B3 or  B3' . 
Mass of body Bi. 
Moment of i n e r t i a  of body B about a l i n e  p a r a l l e l  co X i and passing through Bi*. 
* * 
Moment of i n e r t i a  of body Bi about a l i n e  pa ra l l e l  kc: Y 
and passing through Bi*. 
Moment of i n e r t i a  of body Bi about a l i n e  paraPlef to Z 
and passing through B *. i 
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Segment 
B1 
€3 B '  
2' 2 
333'B3' 
m i 
Table 1.4 
Inertia Properties for a Five-Segment Model 
of the USA3 50th - Percentile Man 
(Refer to Fig ,  1.2 and Table 1.3.) 
2.78 
0.289 
0.836 
s1 
i 
I, 
1.743 
0.1331 
0.563 
= 0.664 
I i  Y 
1.644 
0.1331 
0.567 
0.257 
0.00296 
0.0243 
s = 0.253 2 
Total mass = 5.03 
Li 
1.544 
2.02 
2,89 
0,632 
0,899 
1.352 
(All lengths in feet, masses in slugs, and moments of inertia in 
2 slug- feet .) 
- 27- 
CHANGES I N  ORIENTATION 
2, Pi tch  Motion 
2.1 Description 
The p i t ch  maneuver under consideration was suggested by IZuiwicki [2J 
and Stepantsov [3] and was analyzed by McCrank [ 8 ]  who, however, fa i led  
t o  invest igate  i t s  effectiveness and postulated an arm motion w5ich can- 
not be performed for  physiological reasons. 
During the maneuver, the arms are held s t r a i g h t  a t  the elbows a d  
perform a ro ta ry  motion with respect  to  the torso,  remaining symnetrically 
disposed with respect  t o  the p i t ch  plane a t  a l l  times. 
axis of each arm travels on the surface of an imaginary, torso-fixed cone- 
whose ver tex  is  a t  the shoulder. The arm motion can be described i n  
terms of  the cone semi-vertex angle and the or ien ta t ion  of  the cone axis 
relative t o  the torso,  any physically a t ta inable  or ientat ion being per- 
missible ,  as i l l u s t r a t e d  by the examples i n  Fig. 2.1. (Symmetry consid- 
e ra t ions  show t h a t  these cone parameters need to  be specif ied for only 
one of the arms.) 
symmetrically located with respect t o  the p i tch  plane. 
The longitudinal 
The legs  must be kept f ixed r e l a t i v e  to  the torso and 
Consider the  motion of  the torso (and legs) during one cycle of 
The sense of pi tching of the torso i s  opposite t o  t ha t  i n  the maneuver. 
which the arms travel on the surfaces of the cones. A reversal  i n  the 
sense of motion of  the arms produces a reversal i n  the sense of  pitching. 
P r io r  t o  s t a r t i n g  the maneuver, the subject  may have h i s  l h b s  dis- 
posed in  any way sa t i s fy ing  the requirements of symmetry with respect t o  
the p i t ch  plane, and the arms may then be brought to the s t a r t i n g  posit ion 
- 28- 
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i n  any manner compatible with t h i s  requirement. A f t e r  an in t eg ra l  num- 
ber of cycles of the maneuver have been performed, Lhe amis carr 'be re- 
turned t o  t h e i r  i n i t i a l  posi t ions by retracing the paths followed i n  
bringing them t o  the s t a r t i n g  posit ions.  
tained while s t a r t i n g  w i l l  be n u l l i f i e d  during the return.  
Any pitching of the torso ob- 
2.2 Analysis 
For purposes of analysis ,  the human i s  modelled as a system S of 
three r i g i d  bodies. One of these,  designated A, represents the torso,  
head, and legs. The remaining two, B and B', each represent arb arm. 
B and B' are connected to  A a t  points  0 and 0' (see Fig. 2.2), 
which represent  shoulder jo in ts .  
Body A i s  presumed t o  be symmetric with respect  t o  the p i t ch  
* 
plane, so t ha t  i ts  mass center  A l ies i n  t h i s  plane. Points 0 and 
0' are symmetrically located a t  a distance a,, t o  e i the r  s ide  cf the  
p i t ch  plane,  and the l i n e  
p i t ch  axis. The yaw axis 
the m a s s  center  of a body 
quently, A" l ies on Y 
.G 
P passing through them is designated the 
Y i s  oriented i n  A so as t o  pass through 
comprised of only the torso and head. 
only when the legs  are held i n  ce r t a in  posi- 
Conse- 
t ions;  and, i n  general ,  A* i s  located a t  a distance al frm Y and 
a t  a distance a from the yaw plane. The mass of A i s  mA3 and the 
moment of i n e r t i a  of A about a l i n e  through A pa ra l l e l  to P i s  $. 
Unit vectors  al, a29 a3 are f ixed i n  A p a r a l l e l  t o  the roll., p i tch ,  
and yaw axes, respectively.  
p i t ch  motions of A need t o  be considered so t h a t  the or ien ta t ian  of A. 
i n  an i n e r t i a l  reference frame can be described by means of a s ingle  
3 * 
I n  view of syrmnetry considerations, only 
F 
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angle, such as an angle 5 between Y and a l i n e  f h e d  i n  P and 
normal t o  P. 
Body B possesses an axis of symmetry, designated L. The mass 
center  f of B is located on L a t  a distance b from point 0. 
The mass of B is mg, the moment of i n e r t i a  of B about L is I 
and the moment of i n e r t i a  of B about any l i n e  passing through B and 
normal t o  L is  I1 . The geometrical and i n e r t i a  propert ies  of  B* 
are iden t i ca l  t o  those of B. 
B 
2' * 
B 
The kinematical analysis  i n  the sequel involves the cone axes, M 
and ME, which are fixed with respect  to  A and a r e  located symmetri- 
c a l l y  with respect  t o  the p i t ch  plane. Line M passes through 0 and 
i t s  or ien ta t ion  i s  determined by angles 8 and cp as shown in Fig. 2.2, 
(The l i n e s  forming 0 l i e  i n  the yaw plane, and those forming ;p lie 
i n  a plane normal t o  the yaw plane.) Symmetry considerations perinit one 
t o  loca te  M'. Unit vector ,m is p a r a l l e l  t o  M. 
The equation of motion for  t h i s  system w i l l  be obtained by employing 
a Lagrangian approach. When S is  i n  f ree  f a l l ,  the a t t i t u d e  var iable  
5 does not  en ter  the expressinns fo r  the k ine t i c  and poten t ia l  energies 
and, consequently, a f i r s t  i n t eg ra l  of Lagrange's equation may be obtained. 
The assumption t h a t  S is i n i t i a l l y  ro t a t iona l ly  a t  rest leads to a 
choice of zero for  the constant of integrat ion,  and Lagrange's equation 
thus becomes 
* - o  aK A -  (2.1) 
85 
where 5 i s  the t i m e  der ivat ive of the angle 5 ,  and K, the k ine t ic  
energy associated with motions of S r e l a t i v e  t o  the system mass cen,ter, 
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can be expressed as 
K = K  A + K w B + K  B' + K v  A + K v  B +Kv B' 
w w 
The f i r s t  three terms on the right-hand s ide  of t h i s  equation represent 
the ro t a t iona l  k ine t i c  energies of A, B, and B'. For example, i f  
I1 12,,  IgB are pr inc ipa l  moments of i n e r t i a  of B for  B and 
B B * 
cu: are components of the angular ve loc i ty  of B in  F when B B % '  uJ2' * 
t h i s  angular ve loc i ty  is re fer red  to  pr inc ipa l  axes of B for  B then 
The last three terms i n  Eq. (2.2) r e f l e c t  the motions of the mass ten- 
ters of A, B, and B ' .  For instance,  i f  xB is the veloci ty  of B 
relative t o  the systemmass center S then 
* 
* 
I n  the following kinematical analysis ,  only p i t ch  motions of 
are considered. Consequently, the angular ve loc i ty  of A i n  F can 
A 
be expressed as 
Symmetry considerations 
of  A €or A e Hence 
* 
demand 
P is 
A 
t ha t  a2 be p a r a l l e l  
a pr inc ipa l  moment of 
- 
- 2  
t o  a principal. axis 
i n e r t i a  and P 
'Numbers beneath equal s igns are intended t o  d i r e c t  a t t en t ion  to  
corresponding equations. 
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The motions of B and B' are described i n  terms of the "coning" 
moticn outlined i n  Sec. 2.1, Line L in te rsec ts  cone axis H a t  0, 
thereby defining a plane N,  and the angle fl between L and M re- 
mains constant throughout the maneuver. Mutually perpendicular u n i t  vec- 
are fixed i n  N,  with n p a r a l l e l  t o  E and s1 -2 t o r s  21s 1 2 )  2 3  
normal t o  N. 
I f  the angle between N and a ?lane passing through M and normal 
t o  the yaw plane is designated a, then the angular veloci ty  of I1 i n  A 
is given by 
(2.7) 
When a increases from 0 to  2n, L t rave ls  once around the 
surface of a cone of semi-vertex angle B. During this motion, E must 
r o t a t e  i n  N i n  such a manner tha t  no twisting of the arm r e l a t i v e  t o  
the torso occurs a t  the shoulder. 
ing the angular ve loc i ty  of B i n  N as follows,: 
This can be accomplished by specify- 
= -; r12
The angular ve loc i ty  of B in F can be expressed as 
I n  order t o  resolve t h i s  vector i n to  components p a r a l l e l  t o  
n3, we note t h a t  
glo n2' 
3 
n. = 1 ci j  gj i=l, 2, 3 -1 (2.10) 
j =1 
of i n t e r e s t  are 
where the 'ij 
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= -  s i n  0 cos a - cos 8 s i n  cp s i n  a 
= cos 0 s i n  @ s i n  a f s i n  8 cos cp COS p 4- s i n . 8  s i n  cp s i n  p cos a 
- 
c12 
c21 
c22 - - s i n  Q s i n  @ s i n  a 3. cos 8 cos cp cos fl 3. cos 8 s i n  cp s i n  fl cos a 
s i n  cp cos p + cos cp s i n  (3 cos a '23 = - 
= - s i n  8 cos p s i n  - cos 8 cos cp s i n  B + cos 8 sin cp cos fj cos a 32 
(2.11) 
F u r t h e m r e ,  
m = cos p n - s i n  p n (2.123 - -2 -3 
It now follows t h a t  (see Eqs. (2.9), (2.5), (2,10), (2.77, (2.121, (2.8)) 
- = [&,,I q, +- [5c2, + &cosg -I)I  -2 n + [kc32 - i, s i n  P I  -3 n (2.13) 
* and, s ince nlS n2, n3 are p a r a l l e l  t o  pr incipal  axes of B for  33 , 
.. 
(2,3,2.13) 
"2  2 B + a [I: s i n  p + (cos (2.14) 
B' In a similar  fashion, an iden t i ca l  expression is  obtained for R w * * 
The ve loc i ty  xA of A r e l a t i v e  t o  S is the time derivat ive i n  -- * , the posi t ion vector of A* r e l a t i v e  t o  S ; i.e., A*/S* F of r - 
* *  
Fd A /S r v = -  -A d t -  (2. as) 
Symmetry requires  tha t  S* l i e  i n  the p i t ch  plane. This f ac t  makes i t  
A*/S* as possible t o  express L 
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* ISE 
where - rB*/AJc is the posi t ion vector of B 
by reference t o  Fig. 2.2,, is seen to  be given by 
r e l a t i v e  to  G which, 
* *  
B / A  = -  al g1 f- a2g2 f- a a -I- b n 2  r 3 -3 - (2.17) 
Consequently, (see Eqs. (2.15) % (2.16), (2.17), (2.10), (2.11) (2.51) 
(2.18) 
and it  follows tha t  
ext, v i s  given by -E 
I A  
B*/O O/A* +E v = v  -B - 
where 
and 
O/A* F A = JJ x ( - a  a + a  a + a  a )  1-1 2-2 3-3  V 
(2.19) 
(2.20) 
(2.21) 
(2.22) 
Thus 
v =  -B 
B 
Kv 
Kv 
B 
- 36- 
(see Eqs,  (2*20) (2.18) (2.21), (2.13), (2.10), (2.221, (2.5)) 
(2.23) 
is, therefore ,  given by 
B' i s  ident ical .  The k ine t i c  energy associ- 
KV 
and the expression for  
a ted with motions of S r e l a t i v e  t o  S* can now be expressed its (see 
Eqs. (2.2), (2.6), (2.14), (2.19), (2.24)) 
f 2 c;. (I2 B c22(cosp - l ) - X 1  B c32 
23 da 4- 
sin p 
dc23) + brzl 7
(2.25) 
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The equation c f  motion can thus be formulated a s  
11” c32 s i n  B + c i  (Ip c22(cos$ -1) - 
dc 
+ a% 21 
dc mAmB 
+ m + b B  A 21 da 
0 - 
(2.112.25) 
and, eliminating time and making the subs t i tu t ions  
m m  A B  
mA+ %3 
M =  
2 B El = cos 6 cos cp[J s i n  p - I2 (cosp -1)] 
(2.26) 
E2 = s i n  p[s in  e(J cos p +- I: - Mba3 s i n  cp) - cos cp -al] 
E3 = cos 0 s i n  @[#a3 - s i n  cp(J cos p 4- I2 ) ]  B 
SA 2 2 2 2 2 2 F1 = 2 -t M(a12 + a3 ) 3. I: + J[cos @(sin 0 - cos cp cos 0) -E. cos e] 
(2.27) - 2 Mb cos @(s in  cp a3 + cos cp s i n  e a 1 1 
2 2 2 2 F2 = J s i n  @(s in  e - s i n  cp cos 0) 
2 p3 = 2 J s i n  e cos‘ 8 s i n  cp s i n  fi 
F4 = 2 s i n  p cos e(J cos  p s i n  8 cos cp - maI) 
3~~ = 2 s i n  p[Mb(a3 cos cp - 2 s i n  e s i n  cp)- J cos 0 sincp COST cosgl “1 
- 38- 
one finds t h a t  
E -f- E s i n  a 4- E3 cos cr, is=, 1 2  (2.28) 
F~ + F cos a + F s i n  a cos a + F s i n  a + F cos a 2 3 4 5 
2 
Integrat ion of t h i s  equation for  0 - -  <a < 2n yie lds  Ag, the 
p i t ch  reor ien ta t ion  per cycle of the maneuver. An ana ly t ica l  solut ion 
i s  not  readi ly  avai lable  except i n  the special  case when the cone axes 
coincide with the p i t ch  axis. I n  t h i s  case, 8 = cp = 0 and, a f t e r  
making the def in i t ions  
al a3 6 = arc cos - = arc  s i n  - a a 
q = a -  6 
2 B E = J s i n  p 4- I2 (1 - cos @) 
F = I / ~ + M R  A 2 + ~ p B + ~ s i n  2 p 
G =Mb 1 s i n  fj 
one can bring Eq. (2.28) in to  the form 
% = -  E - G s i n  q 
drl F - 2G s i n  q 
(2.29) P 
(2.30) 
and integrat ion for  7 between the limits zero and 2~ now leads 
d i r ec t ly  t o  ( in  radians),  i .e . ,  
(2.31) 
Eqs. (2.28) and (2.31) cannot be used u n t i l  su i tab le  values have 
3 +, ala and a been selected for  the i n e r t i a  propert ies .  Moreover, 
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depend on the pos i t ion  i n  which the legs are held,  as w e l l  as on the 
i n e r t i a  propert ies  of the limbs. Table 2 .1  presents appropriate values 
for  two arm configurations as well as values su i tab le  f o r  two leg  posi- 
t ions.  These values are based on the Hanavan model discussed i n  Sec. 1.3. 
Table 2.1 
Arm with 
2 
2 
ik 
I n  the "legs tucked" posi t ion,  the longitudinal 
axes of the thighs are normal t o  the r o l l  plane and 
the knees are bent through 150". 
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2.3 Results 
It is of i n t e r e s t  t o  observe how the p i tch  obtained per cycle,  ~ 5 ,  
var ies  as a function of the cone semi-vertex angle,  8 .  I n  Fig. 2.3, 
A 5  is  p lo t t ed  as a function of p for  three cases: 
(1) the maneuver performed with the legs s t r a igh t  as i n  the 
posi t ion o f "at tention, *' 
(2) the maneuver performed with the legs  tucked close to  the 
body, and 
(3) the  maneuver performed with the legs tucked and a five- 
pound weight (0.156 slugs) held i n  each hand. 
* 
I n  a l l  three cases, the cone axes are p a r a l l e l  t o  the  p i tch  axis, 
Eq. (2.31) is used, and the r equ i s i t e  i n e r t i a  propert ies  are taken from 
Table 2.1. 
It can be seen t h a t  p i tch  increases monotonically with 
the construction of the shoulder j o i n t s  places an upper l i m i t  on 
once a pa r t i cu la r  cone axis has been chosen, the maximum possible 
being about 45 degrees when the cone axes are p a r a l l e l  t o  the pitch  
axis ,  a man with h i s  legs  s t r a i g h t  can expect only about 12 degrees 05 
p i t ch  when performing a cycle of the maneuver i n  this fashion. 
p. Since 
@ 
p 
Tucking 
the legs i n  markedly improves the effect iveness  of the maneuver. Fer 
instance,  with B equal t o  45 degrees, the value of A5 i s  doubled t o  
24 degrees by tucking. 
The addi t ion of five-pound weights to  the hands more than doubles 
AS; e.g., i f  the  weights are used while the legs  are tucked and p 
* 
A deta i led  explanation of t h i s  "tucked" posi t ion i s  presented i n  
the footnote accompanying Table 2.1. 
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8" 0" 
Fig. 2 . 3  Pi tch  reorientat!-on as a function of  p ( e  = q = 0) 
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equals 45 degrees, 52 degrees of p i t ch  p e r  cycle can be obtained. 
The locat ion of the cone axes r e l a t i v e  to  the torso has a s igni f i -  
cant e f f e c t  on the amount of p i tch  obtained per cycle. For instance,  the 
p i t ch  per cycle A5 may be p lo t ted  as a function of g while cp and @ 
are held constant (see Fig. 2.2 for  0, 9, and 8) .  I n  t h i s  case, the 
values of 0 t o  be considered are bounded from above by tha t  value of  g 
for  which the hands co l l i de  i n  the p i t ch  plane, this value being depend- 
ent on the constant fj and on the ann length and shoulder width of the 
man. Such a graph of AS as a function of 8 is shown i n  Fig. 2.4 for  
the case where = 0 ,  the legs  are tucked, and for  two values of p, 
i .e.,  20 and 45 degrees. Af is  seen t o  decrease with increasing 8 
u n t i l ,  when 0 becomes equal to  90 degrees (i.e.,  when the cone axes 
become p a r a l l e l  t o  the r o l l  axis) ,  no p i t ch  i s  obtained. 
t ha t  i t  i s  advantageous t o  maintain the cone axes nearly p a r a l l e l  t o  the 
r o l l  plane. 
This suggests 
When the cone axes are "lowered" i n  the r o l l  plane, AS may increase 
o r  decrease. 
as a function of q, with 0 = 0, the  legs  tucked, and @ again equal to  
20 and 45 degrees. An upper bound on values of cp is provided by 
(90" - p) since,  for  grea te r  values of v, the  arms col l ide  with she 
torso during the maneuver. The curves for  both values of f3 possess 
a maximum when cp is about 15 degrees. The r e l a t i v e  f la tness  of the 
curves between 0 and 30 degrees is  important s ince physiological con- 
straints a t  the shoulder j o i n t  are such tha t  the semi-vertex angles 
t ha t  can be used become larger  i f  
stance,  while the upper bound on @ i s  about 45 degrees with ep equal 
to  zero, It is closer  t o  60 degrees when sp is 30 degrees. Consequently, 
This can be seen i n  Fig. 2.5, which shows p i tch  per cycle 
@ 
i s  increased from zero. For in- 
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Fig 
Fig d 
61 6 Q 0 .  
2.4 Pi tch  reor ien ta t ion  as a function of 8 (cp = 0, 
0 
legs  tucked) 
0 Q 0" 
2.5 Pi tch  reor ien ta t ion  as a function of cp ( e  = 0, Legs tucked) 
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%e grea tes t  amount of p i t ch  per cycle obtained without weights i n  the 
tucked posi t ion i s  about 33 degrees, and t h i s  is  achieved by taking 
equal t o  60 degrees, 'p equal t o  30 degrees, and 8 nearly equal t o  
[3 
zero a 
The limb motions j u s t  described are reasonable ones for an unen- 
cumbeied man i n  a 'Psh i r t  sleeve" environment. For an astronaut i n  a 
pressure s u i t ,  the  range of mobility may be sharply reduced, 2nd the 
added mass of the s u i t  may have a subs tan t ia l  e f f e c t  on performance. 
pa r t i cu la r ,  
I n  
A! seems t o  be most sens i t ive  t o  changes in  the distance 
b from the  shoulder t o  the m a s s  center  o f  the arm and i n  the distance 
a3 from the yaw plane t o  the mass center of the torso,  head, and legs. 
Final ly ,  we consider the poss ib i l i t y  that a s m a l l  asymmetry -in the 
performance of the maneuver could lead to  " instabi l i ty"  i n  the motion, 
t h a t  is, t o  large amounts of undesired yaw and r o l l .  It is  indeed t rue  
tha t  e r ro r s  i n  performance may lead t o  unwanted yaw and r o l l  motions 
but ,  s ince the equations of motion are continuous, the s t a b i l i t y  ques- 
t i on  becomes one of precision. Whenever a f i n i t e  number of cycles of the 
maneuver are t o  be performed, the unwanted motions can be kept a rb i t r z r -  
i l y  s m a l l  by performing the maneuver with su f f i c i en t  care.  
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3,  Yaw Motion 
3 1 Description 
The limb movements to  be discussed were suggested independently by 
James Jones of the  NASA Ames Research Center and by Stepantsov [3]. 
descr ip t ion  and i l l u s t r a t i o n s  t h a t  follow, deal  with a maneuver performed 
with the legs .  
formeg with the arms (but not with the  arms and legs  together). 
The 
However, the description appl ies  a l so  t o  a maneuver per- 
In a l l  cases, the limbs remain s t r a i g h t  a t  the knees and elbows, and 
the p a i r  of limbs t h a t  is not  used must remain fixed relative t o  the 
torso  i n  such a way t h a t  the yaw a x i s  is  a pr inc ipa l  ax is  of i ne r t i a ;  
e.g., i f  the  l egs  are used, the  arms may be kept a t  the s ides ,  as i n  a 
pos i t ion  of "attention." 
The maneuver is performed i n  two phases. For def ini teness ,  suppose 
t h a t  a r o t a t i o n  of the torso t o  the l e f t  is  desired. Then phase 1 be- 
g ins  with the r i g h t  l eg  extended forward from the torso,  and the l e f t  l eg  
extended rearward, through equal angles p (see Fig. 3.la): The r i g h t  
Beg i s  swept t o  the r i g h t  and then t o  the rear ( r e l a t ive  to  the  torso) 
while the  l e f t  l eg  is  swept leftward andAforward ('see Figs. 3.18 t o  3 . le) ;  
t h a t  i s ,  the longitudinal axis of each leg  moves on the surface of an 
imaginary, torso-fixed cone whose vertex is a t  the h ip  and whose axis i s  
p a r a l l e l  t o  the yaw axis. 
twist ing of the l eg  occurs. Thus, the  toes always point  nearly forward. 
A t  the  conclusion of phase 1, the r i g h t  leg  is  extended rearward and the 
0 
I n  the course of t h i s  "coning" motion, no 
l e f t  l eg  forward relative t o  the torso  (see Fig. 3.le). 
I n  phase 2, the legs  travel simultaneously i n  planes p a r a l l e l  t o  the 
a 
P 
ld 
M 
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pi tch  plane u n t i l  each leg has returned to  the posi t ion it occupied (with 
respect  t o  the torso) a t  the beginning of phase 1 (see Figs. 3 . l f  through 
3*1 i )*  The e n t i r e  cycle may then be repeated. During both phases, the 
two legs  move a t  the same rate r e l a t i v e  t o  the torso,  so  tha t  t he i r  longi- 
tudinal  axes maintain digonal symmetry about the yaw axis.  
Consider the behavior of the torso during t h i s  maneuver, As phase 
1 progresses, the torso rotates i n  an i n e r t i a l  reference frame t o  i t s  
l e f t  about the yaw axis ,  as desired,  while th.e or ientat ion of the yaw 
axis remains fixed. During phase 2, the torso turns back t o  the r igh t ,  
but  t h i s  regression i s  not su f f i c i en t  t o  n u l l i f y  the ro ta t ion  obtained i n  
phase 1. A n e t  ro t a t ion  t o  the l e f t  is  thus csbtained from each complete 
cycle of the maneuver. 
s t a r t i n g  phase 1 with the l e f t  leg forward, ra ther  than the r i g h t  one. 
The d i rec t ion  of ro t a t i en  can be reversed by 
An astronaut  may be i n  a posi t ion of "attention" pr ior  t o  s t a r t i i g  
the maneuver. 
moving the legs i n  planes p a r a l l e l  t o  the p i t ch  plane. This w i l l  cause 
a regressive ro t a t ion  of the torso about the yaw axis .  After an in tegra l  
number of  cycles o f  the  maneuver have been completed (a cycle consFsts of 
one performance of phase 1 and phase 2), the legs may be returned to  a 
posi t ion of "attention," and the resu l t ing  yaw motion then n u l l i f i e s  the 
regressive ro ta t ion  obtained while s t a r t i ng .  
The s t a r t i n g  posi t ion for  phase 1 may then be at ta ined by 
3.2 Analysis 
For purposes of analysis ,  the human i s  modelled as a system S of 
three r i g i d  bodies. One of  these, designated A , represents the torso,  
head, and arms. The remaining two, B and B' , each represent a leg. 
B and B' are connected to  A a t  points  0 and 0' which represent 
the hips (see Fig. 3.2). 
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Fig.  3 . 2  
h 
Yaw motion model, phase 1 
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The yaw axis Y is  presumed t o  coincide with a pr incipal  axis of 
* 
A for  i t s  mass center A . The p i t ch  axis is  chosen so tha t  points 0 
and O8 l i e  thereon, each a t  a distance a from Y . The analysis  i n  
the sequel involves two addi t ional  l i nes  fixed i n  A namely M and M' , 
which are p a r a l l e l  t o  Y and pass through 0 and 0'  , respectively.  
Body A has a mass m and a moment of inertia I* about Y . Mutually 
perpendicular u n i t  vectors  21 , a2 , a3 are  fixed i n  A p a r a l l e l  t o  
the r o l l ,  yaw, and p i t ch  axes,respectively.  Since only yaw motions of A 
are t o  be considered, the a t t i t u d e  of  A i n  an i n e r t i a l  reference frame 
A 
F can be described by a s ingle  angle 5 between the p i tch  axis and a 
Pine fixed i n  F and normal t o  Y 
It i s  assumed t h a t  bodies B and B' each possess an ax i s  of sym- , 
The axis of minimum moment of i n e r t i a  of B for  i t s  mass me  t ry .  f 
center B is  designated L , and the associated pr incipal  moment of 
i n e r t i a  has the value I 
perpendicular t o  L and passing through B is IIB , and the mass of 
B is  % . Line L passes through 0 , and the distance from B t o  
0 is  b The i n e r t i a  propert ies  of leg B' are ident ica l  t o  those of 
* 
The moment of i n e r t i a  of B about any l i n e  2 .  * 
* 
As d i f f e ren t  var iables  are used for  the mathematical description of 
the two phases of the maneuver, two analyses are required. 
confining our a t t en t ion  so le ly  t o  yaw motions of  
quence of Lagrange's equations of  motion, namely the fact tha t  
In  both cases, 
A , we explo i t  a conse- 
f The maximum and intermediate pr incipal  moments of i n e r t i a  of a leg 
for  i t s  m a s s  center d i f f e r  from each other by less than 1% i n  the Hanavan 
model (see Table 1.4). 
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aK - = o  
a i  
where 5 is  the ,hue der ivat ive of the angle 5 ani K is  the k ine t ic  
energy associated with motion of 
which can be expressed as 
S r e l a t i v e  t o  the system mass center ,  
K = K A C K B + K B s  + K v  A + K v B + K v  B' " " " (3.2) 
The first three terms on the right-hand s ide of t h i s  equation represent 
the ro t a t iona l  k ine t i c  energies o f  bodies A B and B',  respect ively,  
whereas the l a s t  three r e f l e c t  the motions of the mass centers of A , 
B $ and B' . 
is  expressed as 
For example, if FuB , the angular veloci ty  of  B i n  F 
F B  B B B - w = "1 E1 + "2 2 2  4- "3 2 3  (3.3) 
where p $ , p3 are  u n i t  vectors ,  each p a r a l l e l  t o  a pr incipal  ax is  
of B fo r  B , and I1 , I2 , 1: are  the corresponding pr incipal  
moments of i n e r t i a ,  then 
t B B 
and, i f  v 
S* of S , then 
denotes the veloci ty  of  B" r e l a t i v e  t o  the mass center -B 
Turning to  the kinematical analysis  for phase 1, we hypothesize 
t h a t  A has a simple angular ve loc i ty  i n  F , ice., 
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Since Y i s  a p r inc ipa l  axis of A , and F ~ A  is  p a r a l l e l  t o  Y , 
A 1 A "2 
= 'ZI 5 Kw (3.7) 
(3 e 4 , 3 . 6 )  
The motions of B and B' are described i n  terms of the  "coning" 
motion outlined i n  Sec. 3 .1 .  We regard l i n e  M as the ax is  of a cone 
on whose surface L moves. The angle Po between L and M remains 
f ixed,  and i f  P i s  the plane determined by L and M , and mutually 
are fixed i n  P with 1 ' 2 2  ' 2 3  perpendicular u n i t  vectors 2 
p a r a l l e l  t o  L and x3 normal t o  P , then , are re l a t ed  
t o  al a2 , a3 as indicated i n  Table 3.1, where a is  the angle be- 
tween P and the p i t c h  plane. The angular ve loc i ty  of P i n  R is 
given by 
Table 3.1 
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Leg B must r o t a t e  i n  P about L i n  order t o  avoid 
a physically impossible manner, as mentioned i n  Sec. 3.1. 
ro t a t ion  of B i n  P r e s u l t s  i f  the angular ve loc i ty  of B i n  P is 
taken to  be 
A. su i t ab le  
The angular ve loc i ty  of B i n  F is then given by 
o r ,  i n  view of Table 3.1, by 
(3 * 10) 
where 
= - s i n  8, *1 
and 
(3.11) 
(3.12) 
(3.13) 
Consequently , 
B 2  - A 2 (k2[x 1 sin2  go + I~ cos @,I 
B 2  B 2  B - 2&[sl s i n  po 3- x2  cos po - 
+ i2[1,B s i n  po + x 2  
cos p o l  
2 B 2  
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B‘ I n  the same manner, an ident ica l  expression i s  obtained for K . 
IR) 
B’ necessi ta tes  determixation of K,” J) and Kv 
xA ?I xB and xBf , the ve loc i t i e s  r e l a t i v e  t o  S* of the mass centers 
of A , B , and B p  . In  phase 1, the posi t ion of S remains fixed i n  
A , so  t h a t  xA vanishes. v can be expressed as 
A Evaluation of K 
* 
-B 
B*/O O/S* 
-B v = v  - + x  
where 
and, s ince S” is fixed i n  body A and lies on l i n e  Y , 
(3.15) 
(3.16) 
(3.17) 
Referring t o  Table 3.1, one can thus obtain (see Eqs. (3.15), (3.16), 
(3.10), (3.17) , (3.6)) 
- [ ( i  - 4)b s i n  Po cos a] a -3 
and it  follows tha t  
(3.18) 
2 2  2 2 {e  [a  + b s i n  Bo + 2 ab s i n  Po s i n  a] B 
KV 
(3.5 I) 3.18) 
-2  &[b 2 2  s i n  Po + ab s i n  po s i n  a] + a 02 [b 2 s i n  2 pol )  (3.19) 
B’ i s  ident ica l  t o  t ha t  for K . Hence 
KV V 
The expression for  
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K 
(3.2,3,7 3 e 14,3.19) 
2 s in  8, 
$. % ab s i n  p 0 s i n  a] - 2 gk:(l - COS 8,) 
1 I- % b 2 1 sin 2 p, -+ % ab s i n  8, s i n  a 
- cos Po) 3. (I1 B - I2 -+ % b 2 ) s in2  So] (3.20) 
and the dpamica l  equation of motion for  phase 1 is 
5 L F  -r$ + I2 B + "B a 2 + (11 B - 12 I- 5 b 2 ) s i n  2 p, + % ab s i n  p, s in  1 
1 
- ap;(1 - cos 8,) + (I1 B - x2 I- % b 2 ) s i n  2 po + % ab s i n  8, sin 1 
0 - 
(3.1,3.20) 
(3.21) 
Dependence on time can be eliminated and, making the subs t i tu t ions  
B B B 2 2 I2 (1 - .COS Po) 4- (I1 - I2 + % b ) s i n  8, - 
p2 - % ab s i n  8, 
(3 22) 
one can relate the yaw angle 5 to  the cone %weep" angle a by mens 
of the d i f f e r e n t i a l  equation 
(3.23) p + s i n  a 1 da (3.21,3.22) 
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This equation can be integrated i n  closed form for  
an expression for  
as  a function of the i n e r t i a  propert ies  and the semi-angle of limb 
spread: 
0 < a  5 n t o  yield 
AS, , the change i n  yaw during phase 1 ( in  mdians ) ,  
- 
( 3 . 2 4 )  
I n  phase 2, the legs  move p a r a l l e l  t o  the p i tch  plane. A convenient 
var iable  i s  p (see Fig. 3 . 3 ) ,  the angle between L and M (or  L' 
and M' ) . p ranges from -Po t o  8, * 
I n  the kinematical analysis of phase 2 ,  K A w 
is  again furnished by 
Eq. ( 3 . 7 ) .  The angular veloci ty  of B i n  F may be wri t ten a s  
F B  A B  F A  u = w + c n ,  - 
where FL$ is given by Eq. ( 3 . 6 )  while 
I f  u n i t  vectors bl , b2 b3 are  fixed i n  
t o  L and b3 p a r a l l e l  to the p i tch  ax is ,  
- a a2 a3 as  shown i n  Table 3 . 2 ,  then 
Table 3 . 2  
(3.25) 
( 3 . 2 6 )  
body B , w i t h  b2 p a r a l l e l  
so t h a t  they are  re la ted  t o  
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F i g .  3 . 3  Yaw motion model, phase 2 
- 57- 
- w s i n  p ~r +. i cos p b2 + b3 (3.27) - F B  -1 
(3.25 3 6,3.26) 
3c and, s ince bl , k2 , k3 are parallel t o  pr inc ipa l  axes of B for B , 
- K B   [i2(I: s i n  2 p + I2 B 2  cos p) + I: a2] (3.28) 2 w 
(3 .4,3.27)  
B’ An iden t i ca l  expression is  obtained for  K . 
u) 
A does not  vanish. It i s ,  however, idependent  
KV 
I n  t h i s  phase, 
of f and therefore does not contr ibute  t o  the equation of moticn. TI 
i s  again given by Eq. (3.15) and 1 ’O by Eq.  (3 .16) ,  but  Eq. (3.17) 
must be replaced with a re la t ionship  tha t  r e f l e c t s  the motion of  
* -I3 
S” in 
A e Thus 
v = (ia + bb -B 
Consequently, 
1 2 2  2 % {i2[a2 + b s i n  p ]  + 2& [ab cos p ]  B = 
(3 .5 , 3 e 29) 
KV 
K 
6 318 )2 b2 s in2  p] } 
A %  
(3.29) 
(3.30) 
B’ i s  again ident ica l .  Hence Kv and the expression fo r  
2 $  2 B B B 2 2 {i [F -k % a + I2 f (I1 - I2 + % b 1 s i n  p] 
(3 .2 ,3 .7 ,3  28,3.30) 
.. 
+ 25p[mg ab cos p l  
‘2” B mA% ) b2 s in2  $7 } 
A+ % .J + p [Il + mg b cos p -I- (3.31) 
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The appropriate dpamical  equation is  again Eq. (3.11, and, when 
ql and q are 2 
time is eliminated and two non-dimensional constants 
defined as 
m ab 
- 
42 - 
- - - + I 2  IA B + % a  2 
2 
Il - I2 + % b2 B B 
3. 
the r e l a t i o n  between yaw and 
t i a l  equation 
imb posi t ion is provided by the differen- 
- cos 2% - 
dB 
(3 .1,3.31,3.32)  
(3,331, 
The change i n  yaw during phase 2, ~ f ,  i s  obtained by integrat ing 
Eq. (3.33) f o r  -Po ,< p 5 Po : 
- 2q1 s i n  p 
= -  tan-' ( O) 052 
( 3 . 3 3 ) 5  5 
(3.34) 
The t o t a l  yaw ro ta t ion  per cycle of the  maneuver, AS , is the sum 
of AS1 and A{, * with Pg 9 P2 2 41 3 42 ' as defined En Eqs e (3.22) 
and (3.32),  the yaw per cycle ( in  radians) i s  thus given by 
Q +  e nf 
(3 24,3.34) 
I n  Sec. 3.1,  i t  was mentioned tha t  the maneuver could be perfsmed 
e i t h e r  with the arms or  with the legs.  Different values for the i n e r t i a  
propert ies  must be used, depending upon which limbs are employed. Table 3 .3  
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Table 3 . 3  
shows representat ive values for  the two cases. These values =re Based 
on the Hanavan model fo r  the U.S.  A i r  Force 5 0 2  percent i le  man (see 
Sec. 1 . 3 ) .  
3 . 3  Results 
It is  of i n t e r e s t  t o  know how the yaw obtainec! per cycle, 0s , 
var ies  as  a function of  the semi-angle of leg spread, Bo . 1x1 Fig. 
3 . 4 ,  AS is  p lo t ted  a s  a function of p for three cases: 
0 
(1) the maneuver performed with the legs while the arms are held 
a t  the sides, 
(2) the maneuver performed with the arms while the legs are 
p a r a l l e l  t o  the yaw axis,  and 
( 3 )  the maneuver performed with the arms when a five-pound 
weight (0.156 s lg . )  i s  held in  each hand. 
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2 
Fig. 3.4  Yaw reorientation as a function of B 0 
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It can be seen t h a t  yaw increases monotonically with B - 0% course, 0 
the construction of the human hip and shoulder j o i n t s  places an.upper 
bound on Po e 
whereas fo r  the arms po may be as large as 45 degrees. Consequently, 
r e a l i s t i c  values for  the maximum yaw obtainable per cycle are 71 degrees 
with the legs  and 33 degrees with the arms. Holding a five-pound weight 
i n  each hand improves the performance, but not spectacularly,  a reasonable 
upper l i m i t  fo r  the yaw per cycle obtainable with. five-pound weights being 
40 degrees. 
For the legs ,  a maximum of 30 degrees is reasonable, 
U s e  of the legs  can be seen to  be more e f f ec t ive  than thze 92 the 
arms. However, occasions may a r i s e  i n  which the arms a re  the more con- 
venient limbs. For example, cons t ra in ts  imposed by an. astronaut 's  pres- ' 
sure  s u i t  might be such as  to  render the arms more mobile than the Legs. 
It may occur to  the reader t ha t  i t  is  possible to  perform a maneuver 
i n  which the arms and the legs  are used simultaneously. 
case is  not  covered by the analysis  of Sec. 3.2 ,  and the reader should be 
aware t h a t  the r e s u l t s  p lo t ted  i n  Fig. 3 . 4  a r e  not  additive.  
rough calculat ions indicate  t h a t  such a maneuver would be less e f f ec t ive  
than the one involving the legs alone. 
F ina l ly ,  the ast ronaut  who wishes to  use both h i s  arms and legs  can, 
i n  f a c t ,  enhance the effect iveness  of  the present two-phase yaw maneuver. 
Assuming tha t  the maneuver is  to  be performed with the kegs aad t h a t  the 
arms a r e  i n i t i a l l y  a t  the s ides ,  a four-step sequence can be performed a s  
f 0 l lows : 
However, t h i s  
-dm f a c t ,  
(1) Perform phase 1 with the legs ,  a s  described i n  Sec. 3,1, 
(2) Raise the arms i n  the r o l l  plane while maintaining t h e i r  
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symmetry about the p i t ch  plane u n t i l  the arms l i e  p a r a l l e l  
t o  the p i t ch  axis. 
( 3 )  Perform phase 2 with the legs ,  as described i n  Sec, 3 . 1 .  
( 4 )  Lower the a m  t o  the s ides  whi  e keeping them i n  the r o l l  
plane and maintaining symmetry about the p i t ch  plane, 
conclusion o f  t h i s  s tep ,  a l l  limbs have returned t o  t h e i r  
i n i t i a l  posi t ions r e l a t i v e  t o  the torso so t h a t  the sequence 
m y  be repeated. 
A t  the 
Steps (2) and ( 4 )  produce no change i n  the oriemtetion of the corso, 
A They do, however, alter I , the moment of i n e r t i a  of the torso,  head, 
and arms about the yaw axis. has a greater  value during the 
performance of phase 2 (s tep (3)) than during the performance of phase f 
, the amount of regression during phase (step (1)). Consequently, 
2, is reduced. This four-step s quence can a l s o  be employed when the 
arms, r a the r  than the legs ,  are used i n  s teps  (1) and (3 ) .  
the legs are spread i n  s t ep  (2) and r e t r ac t ed  i n  s t ep  ( 4 ) ,  the spread 
angle of each leg  being l imited t o  about 30 degrees by constraints  a t  the 
hip. 
Thus, 
A52 
I n  t h i s  case, 
To analyze t h i s  four-step sequence, 
must be computed using a d i f f e ren t  value for  
Af. , as given by Eq. (3.35) 
I? i n  the de teminat ioe  of 
(see ( 3 . 3 2 ) )  than is used i n  the determination of pl (see (3,221). 42 
Table 3 . 4  indicates  the appropriate values of fo r  p1 and q2 when 
the maneuver is performed with the legs  o r  with the arms. 
The effect iveness  of t h i s  four-step sequence is  i l l u s t r a t e d  by Fig .  
AS , the yaw obtained per cycle,  i s  plot ted as a function 3.5, i n  which 
of the semi-angle o€ imb spread Po for  the case where s teps  (1) m d  
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legs in steps 
(1) and (3) 
:able 3 . 4  
(arms at sides) znns spread 90") F 
I Value of I Value 35 I I rA in q2 1 Units 
Maneuver per- 
formed with 
(3) are performed with the legs and for the caie where steps (1) and (3) 
are performed with the artns. Again, yaw increases monotonically with 
, but now the effectiveness of the maneuver is found to be signifi- 
PO 
cantly enhanced. 
duces up to 93 degrees of yaw per cycle (i.e., when 
pared to 71 degrees for the two-phase maneuver performed with the legs 
(see Fig. 3 . 4 ) .  Likewise, when the arms are used in steps (1) and (3),  
For example, the four-step sequence using the legs pro- 
= 30") as com- 
PO 
the four-step sequence produces up to 58 degrees of yaw (i.e.$ when 
= 4 5 " ) ,  an increase of 25 degrees over that obtained from the two- 
PO 
phase arm maneuver. Thus, at first glance, the four-step sequence appears 
more attractive. However, the sequence probably takes twice as long to 
perform and does not double the effectiveness of the two-phase maneuver. 
Consequently, it may be more desirable to employ the two-phase maneuver 
with the understanding that more cycles must be performed to obtaizl i! 
desired yaw reorientation. 
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Fig. 3.5 Yaw reor ien ta t ion  as a function of 8 for the four-step 
0 
yaw maneuver 
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4 ,  R o l l  Motion 
4 .  B Description 
An analysis  and computer program su i tab le  €or the study of several  
arm maneuvers producing r o l l  reor ientat ion have been presented by Riddle 
[ll] and are described i n  Sec. 4.2. The program is employed to examine 
a pa r t i cu la r  maneuver possessing many similarities to the pitch  motion 
of Sec. 2.1. 
The r o l l  maneuver under consideration consis ts  of ra ta ry  motions of 
the straightened arms on the surfaces of  imagixiary torso-fixed cones with 
equal semi-vertex angles,  both arms describing t h e i r  cones at the sane 
rate. The legs are held fixed r e l a t i v e  to  the torso and are symmetri- 
c a l l y  located with respect to the p i t ch  plane. 
are not located symmetrically and must, i n  f a c t ,  possess or ientat ions 
The cone axes, however, 
which are dependent both on the cone semi-vertex angles employed, and on 
the i n e r t i a  propert ies  of the subject.  Furthermore, both arms must move 
around t h e i r  cones i n  the same sense; i .e. ,  both hands appear t o  the sub- 
ject to  be moving, say, clockwise. A reversal  i n  the sense of  motion of 
the arms produces a reversal  i n  the direct ion of the r o l l  reor ientat ion.  
In  general, the motion of the torso and legs during t h i s  maneuver 
i s  not simple; t h a t  is, pitching, yawing, and ro l l i ng  motions occilr 
simultaneously. However, when the cone axes are located with care, the 
torso ' s  o r ien ta t ion  a t  the end of a cycle may be equivalent to  one 
obtained by a simple ro ta t ion  about the r o l l  axis. We r e f e r  t o  such an 
a t t i t u d e  change as a r o l l  reor ientat ion.  
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I f  the  subject  is  i n  a posi t ion of "attention" p r io r  t o  performing 
the maneuver, he may f ind  i t  d i f f i c u l t  t o  move h i s  arms t o  the s t a r t i n g  
pos i t ion  fo r  the  maneuver without introducing undesired amounts of p i tch ,  
r o l l ,  and yaw. 
than those i n  Secs. 2.1 and 3.1. 
a t t i t u d e ,  including a r o l l  reor ien ta t ion ,  can be obtained by performing 
a sequence of p i t c h  and yaw maneuvers.) 
For this reason the r o l l  maneuver may be less des i rab le  
(Of course, any desired change i n  
4.2 Riddle's Model 
The ana lys i s  and computer program i n  [ll] were derived t o  compute 
the reor ien ta t ion  of t he  torso obtained from one cycle of the "coning3' 
maneuver of the arms when the axis and semi-vertsx angle of each of the 
cones i s  chosen a r b i t r a r i l y .  To t h i s  end, the human is  modelled as a 
system of three r i g i d  bodies iden t i ca l  t o  those used for  the p i t c h  motion 
and, unless noted otherwise, symbols appearing i n  t h i s  sec t ion  have ehe 
same de f in i t i ons  as i n  Sec. 2.2. 
Three major differences d is t inguish  the Riddle model from tha t  of  
Sec. 2.2. F i r s t ,  the  i n e r t i a  propert ies  of the main body must be given 
more general i ty .  Since the main body A representing the head, torso,  
and legs ,  i s  assumed t o  be symmetric about the p i t c h  plane, a l i n e  
passing through the mass center  A* p a r a l l e l  t o  the p i t c h  axis i s  a 
p2 
pr inc ipa l  axis of A . The remaining two cent ro ida lpr inc ipd .  axes, pq 
and 
ro t a t ion  i n  A of p about a through an angle y would cause p1 
t o  l i e  p a r a l l e l  t o  the r o l l  axis (see Fig. 4 -1)*  
p a l  moments of i n e r t i a  of A about p1 , p2 , and p are Il , I 
(equivalent t o  
p3 , l i e  i n  the  p i t c h  plane with or ien ta t ions  such tha t  a right-hand 
1 -2 
The centroidal  pr inci-  
3 2 
A A 
I? of Sec. 2.21, and I A , respectively. 3 
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m I "t d d 
0 
pr; 
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Second, the representat ion of the a t t i t u d e  of A i n  i n e r t i a l  space 
Changes.in must be su i t ab le  fo r  three-dimensional a t t i t u d e  motions. 
o r ien ta t ion  w i l l  be described by three Euler angles measuring ro ta t ions  
performed successively about the yaw, p i tch ,  and r o l l  axes. 
angles will be ca l led  the yaw-angle, p i t ch  angle, and r o l l  angle and w i l l  
These 
be regarded as  pos i t ive  when they correspond to  pos i t ive  ro ta t ions  about 
the a3 5, , and 
computer program i n  [ll] are the values of these Euler angles a t  the com- 
d i rec t ions ,  respect ively.  The outputs from the a1 
ple t ion  of  one cycle of the maneuver, assuming them to be zero i n i t i a l l y .  
Third, the locat ion of the cone axes and the motion of the arms 
about them will be described employing, i n  p a r t ,  the notat ion i n  [ll]. 
The l e f t  and r i g h t  cone axes, M1 and M2 , i n t e r s e c t  planes SI and 
S2 
p1 and 
a r e  to  the l e f t  (see Fig. 4.1). The project ions of the l e f t  and r i g h t  
cone axes on 
I 
passing through the shoulders p a r a l l e l  to  the p i t ch  plane with angles 
fj2 , respect ively,  the angles being pos i t ive  when the cone axes 
S1 and S2 i n t e r s e c t  the yaw plane with angles a and 
These angles a re  regarded as  pos i t ive  when the cone 
Thus the cone axes are p a r a l l e l  t o  the 
1 
, respect ively.  
axes are llbelowll the yaw plane. 
r o l l  ax is  when a1 , a, , p1 , and 6, ace zero. The cone 'Isweept' 
angles,  and (p2 , remain equal,  increasing from 0 to  2n during 
4 one cycle of the maneuver; and they are chosen so t h a t ,  a t  the beginning 
and end of a cycle ,  the symmetry axes of the arms l i e  i n  planes normal 
to  S1 and S and containing the respective cone axes. The cone semi- 
vertex angles,  el and 8, are defined as pos i t ive  when, a t  ehe begin- 
ning and end of a cycle ,  the symmetry axes o f  the arms l i e  to  the l e f t  
2 
of t h e i r  respect ive cone axes. 
- 69- 
1 2 a2 9 81 9 p2 Y 8, 3 and 82 The program user can specify a 
a r b i t r a r i l y  and can thus consider a vas t  var ie ty  of arm motions produc- 
ing general  reor ien ta t ions  of the torso i n  i n e r t i a l  space. 
the s ing le  example c i t e d  i n  El l ]  (see pp. 47 and 61) produces primarily 
For instance,  
yaw reor ien ta t ion ,  with lesser amounts of p i t ch  and r o l l .  Pure yawing 
motions can be obtained by requiring tha t  the cone axes l i e  i n  the r o l l  
plane and the arms move while maintaining digonal symmetry about the yaw 
axis (e.g. , 
is  very similar t o  the yaw motion described i n  Sec. 3.1 and produces reori -  
al = a2 = 90" , p1 = -p2  = el = - g2 = constant) . This case 
entat ions of the same order of magnitude. Pi tch motions ident ica l  to those 
discussed i n  Sec. 2.1 can be obtained by requiring the cone axes to  be 
located symmetrically about the p i t ch  plane and by modifying the program I 
- so  tha t  the arms sweep out t h e i r  cones i n  opposite senses (e.g., al = a2 - 
constant , 8, = -p2 = constant , 8, = - e2  = constant 3 'PI = "p2 Y and 
Gl = -G2 ) , 
the cone semi-vertex angle of the other arm equal t o  zero. 
Motions involving only one arm can be analyzed by s e t t i n g  
I n  addi t ion t o  specifying the angles which describe the arm motion, 
the user of Riddle 's  program must a l so  provide values for  the i n e r t i a  
propert ies  of the arms and main body. The f i r s t  ha l f  of Table 2.1 con- 
t a ins  values for  the r equ i s i t e  propert ies  of the arms, and the second 
ha l f  contains some of the values for  the propert ies  of body A . A 
complete l i s t  of values of the i n e r t i a  propert ies  of A 
posi t ions is contained i n  Table 4.1. 
for  two leg 
4.3 Results 
One might expect e f f i c i e n t  r o l l  reor ien ta t ions  t o  occur when the 
"coning" motions are performed with the cone axes p a r a l l e l  to  the 
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Table 4.1 
t I I 
I I I 1.483 1.028 f e e t  a3 
* 
The "legs tucked" posi t ion ,is defined i n  the footnote 
accompanying Table 2.1. 
roll axis and the cone semi-vertex angles equal t o  a constant, say, 
(i.e.,  In Fig. 4.2, the 
yaw, p i tch ,  and r o l l  angles obtained by performing one cycle of t h i s  
al = a2 = p1 = p2 = 0 , el = e2 = eo ) . 
for the case where the legs  
00 
maneuver are p lo t ted  as functions of 
are held s t r a igh t .  The r o l l  angle increases monotonically with the cone 
semi-vertex angles,  a conclusion which might have been ant ic ipated on the 
bas i s  of the  r e s u l t s  of p i t ch  and yaw motion analyses. 
the yaw and p i t ch  angles become as much as 33 percent of the r o l l  angle 
(e.g., when 
necessar i ly  c lose t o  r o l l  reor ientat ions,  
Here, however, 
eo = 60"), so t ha t  the r e su l t i ng  a t t i t u d e  changes are not  
As indicated previously, judicious choice of the cone axes loca- 
t ions can eliminate undesired pi tch and yaw angles. To narrow the f i e l d  
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0 
(I 
- roo 
- 1 5 O  
-25% 
Fig. 4 . 2  Yaw, pitch, and roll angles as functions of 00 
(a, - a2 = p 1  = 82 = 0 2 legs straight) 
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of possible  axes locat ions,  let  us consider only those i n  which al = a2 
- e (Note tha t  the axes are not symmetrically 
0 
= a, and p1  = 82 
located about the p i t ch  plane since p1 and are posi t ive t o  the 
l e f t . )  
2 
We w i l l  a l so  restrict cone semi-vertex angles to  values such 
, there  is  a two-dimensional - 
80 
t ha t  
parameter space (ao 8,) of possible cone axes locations.  For given 
values of @ and eo , the dominant e f f ec t  of increasing a i s  an 
increase i n  the yaw angle. Similarly,  for  given values of 8 and a 
increases i n  fl 
r o l l  angles remain roughly constant. 
t ra ted  by the graph i n  Fig. 4 . 3 ,  i n  which the yaw, pi tch,  and r o l l  
angles produced by one cycle of the maneuver are p lo t ted  as functions of , 
el = e2 - eo . Thus, for  a given 
0 0 
0 0 ’  
produce decreases i n  the p i tch  angle while the yaw and 
0 
The latter phenomenon i s  i l l u s -  
i s  60 degrees, and the legs 
80 
for  the case where a i s  zero, 
80 0 
are held s t r a igh t .  Note tha t  when p, i s  -18 degrees, the p i t c h  angle 
becomes zero. 
Armed with t h i s  knowledge, one could attempt t o  vary a and 8, 
eo , the  resu l t ing  yaw and p i t ch  angles 
0 
so tha t ,  fo r  a fixed value of 
are both zero a t  the completion of a cycle of the maneuver. 
one could obtain a reor ien ta t ion  equivalent t o  that which would be pro- 
duced by a simple ro t a t ion  about the r o l l  axis. 
ing a t r ia l -and-error  procedure for  the choice of a, and po , has 
been performed and the r e s u l t s  are shown i n  Fig. 4 . 4 ,  where the appro- 
p r i a t e  values of a and j3 and the resu l t ing  r o l l  angle are p lo t ted  
fo r  the case where the as functions of the cone semi-vertex angles 
legs  are s t r a igh t .  
h i s  l e f t  should choose cone semi-vertex angles of 45 degrees and locate  
I n  t h i s  way, 
Such an attempt, employ- 
0 0 
00 
For example, a man wishing to  r o l l  7.5 degrees t o  
- 73- 
/=--- v, , 
t u &  
6, I 
I 
I , 
zoo 40° 
Fig. 4 . 3  Yaw, p i tch ,  and r o l l  angles as functions of 
(ao = 0 9 = 60" , legs  s t r a igh t )  
Po 
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-30' 
Fig. 4.4 Roll  reor ien ta t ion ,  and appropriate values of a and fj 
0 0 '  
(legs s t r a igh t )  eo as functions of  
the cone axes a t  a - = 2.4 degrees and p1 = p2 = -15.7 degrees, 
Note tha t  the order of magnitude of the r o l l  reor ien ta t ions  i s  consid- 
erably less than t h a t  of pi tch.  
1 - a2 
For instance,  when the cone axes are 
p a r a l l e l  t o  the p i t ch  axis, cone semi-vertex angles of 45 degrees produce 
about 12 degrees of p i tch  when the legs  are s t r a i g h t  (see Fig. 2.3). 
Tucking the legs  (see footnote accompanying Table 2.1 for  de t a i l s )  
more thandoubks the amount of r o l l  obtained per cycle as can be seen by 
comparing Figs. 4.4 and 4.5. In the lat ter,  the appropriate a and 
for  
0 
eo and the r e su l t i ng  r o l l  angle are p lo t t ed  as functions of 80 
I 
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the case where the legs  are tucked. Mote t h a t  the appropriate values of 
and Bo are markedly d i f f e ren t  from those employed with the 
straightened Pegs. 
vertex angles of 45 degrees produce 20 degrees of leftward r o l l  reorien- 
ta t ion .  
and B1 = 82 = -10.1 degrees. I n  Fig. 4.5, 
For example, when the legs  are tucked, code semi- 
However the cone axes must be located a t  al = G ; ~  = -9.9 degrees 
i s  r e s t r i c t e d  t o  less 00 
than 45 degrees, l a rger  semi-vertex angles being physically prohibited 
due t o  interference from the upper legs when tucked, 
F ina l ly ,  holding five-pound (. 156 slugs) weights i n  the hands, 
while keeping the  legs  tucked, a l s o  doubles the a t t a inab le  r o l l  angle as 
i l l u s t r a t e d  by the graph i n  Figo 4.6 which is  analogous t o  those in  
Figs. 4.4 and 4.5. I n  this case, semi-vertex angles of 45 degrees pro- 
duce 35 degrees of leftward r o l l  and the  appropriate cone axes are ob- 
tained by s e t t i n g  al - = -6 degrees and B~ = p2 = -16.8 degrees . - a2 
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CHANGES I N  ATTITUDE MOTION 
5. Quasi-Rigid Bodies i n  Free F a l l  
5.1 Att i tude Motion and Kinetic Energy 
I n  the preceding sect ions,  spec i f i c  maneuvers producing changes i n  
the or ien ta t ion  of the human body are discussed. A principal  feature  
of these problems is t h a t ,  when the segments of the body come t o  rest 
r e l a t i v e  to  one another,  the ro t a t iona l  motion of the e n t i r e  system 
ceases. I n  other words, the angular momentum of the  system of r i g i d  
bodies about i ts  combined m a s s  center i s  a t  a l l  times equal t o  zero. 
This f a c t  i s  used e x p l i c i t l y  i n  Riddle 's  analysis ,  described i n  Sec. 
4.2, and i t  manifests i t s e l f  more subt ly  i n  the p i t ch  and yaw motion 
analyses,  i n  each of which an a r b i t r a r y  constant i n  a f i r s t  i n t eg ra l  of 
Lagrange's equation (see Eqs. (2.1) and (3.1))is set equal t o  zero. 
We now turn t o  problems i n  which the angular momentum of a system 
of p a r t i c l e s  and r i g i d  bodies i s  not  equal t o  zero. The s t ipu la t ion  
tha t  the  system be i n  f ree  f a l l  guarantees t h a t  the angular momentum 
w i l l  remain constant,  both i n  magnitude and direct ion.  
of such a system are a t  rest relative to one another, the system as a 
whole must be i n  a state of ro t a t iona l  motion. The remainder of t h i s  
sec t ion ,  and those immediately following, deal with such systems i n  gen- 
eral terms. Discussion of the human i n  f r ee  f a l l  is  resumed i n  Sec. 7.1. 
The systems under consideration are comprised of p a r t i c l e s  and r i g i d  
When a l l  part.s 
bodies which can perform prescribed motions r e l a t i v e  t o  one another. I n  
pa r t i cu la r ,  the systems can move as quasi-rigid bodies; t ha t  i s ,  a l l  the 
pa r t s  can remain a t  rest r e l a t i v e  t o  one another. We s h a l l  l i m i t  
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consideration t o  r e l a t i v e  motions which begin and terminate wfth the 
pa r t s  i n  a given configuration, and t h i s  configuration w i l l  be ca l led  
the system's quasi-r igid state. 
It is helpful  a t  t h i s  point  t o  b r i e f l y  discuss the nature of the 
a t t i t u d e  motions of a r i g i d  body i n  free f a l l  s ince such a discussion i s  
d i r e c t l y  applicable t o  any quasi-r igid body. If a body possesses a gen- 
eral i n e r t i a  e l l i p s o i d  ( i .e . ,  if the three cent ro ida l  pr inc ipa l  moments 
of i n e r t i a  are unequal),then the most general motions of the body are 
d i f f i c u l t  t o  v i sua l ize  because the angular ve loc i ty  of the body has 
nei ther  a constant magnitude nor a fixed direct ion.  
perhaps, b e s t  characterized as rltumbling." I n  pr inc ip le ,  however, i t  is 
possible fo r  a body t o  simply l'spin,lr t h a t  is, for  the or ien ta t ion  of a 
centroidal  pr inc ipa l  axis of the body t o  remain fixed i n  i n e r t i a l  space, 
i n  which case the d i rec t ion  of the angular ve loc i ty  vector must remain 
fixed both i n  the body and i n  space. 
Such motions are, 
I n  some cases of p rac t i ca l  s ignif icance (e.g., see Secs. 7.1 and 
8.1) it may be desirable  t o  convert a given a t t i t u d e  motion (e.g., unde- 
s i r ed  tumbling) of a quasi-r igid body in to  a simple spin, 
can frequently be accomplished by moving the p a r t s  of the system relative 
t o  each other  i n  such a manner as t o  ul t imately r e s to re  the system t o  
i ts  quasi-r igid state. 
movements of the p a r t s  involves the ro t a t iona l  k ine t i c  energy of the 
quasi-r igid body about i ts  mass center  (hereafter 
the "kinet ic  energy") and is  based on the following four statements: 
Such a f e a t  
One s t ra tegy  f o r  determining appropriate r e l a t i v e  
referred t o  simply as 
(1) Whenever a system i n  f ree  f a l l  moves i n  a quasi-r igid state, 
i t s  k ine t i c  energy K lies between two bounds, Kl and Kg : 
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K 1  L K L K3 (5 * 1) 
(2) If  the system remains i n  i t s  quasi-r igid s t a t e  during some 
f i n i t e  t i m e  i n t e rva l ,  then the k ine t i c  energy remains 
constant during t h i s  i n t e rva l .  
(3) Whenever the k ine t i c  energy o f  the quasi-r igid body equals 
K1 
pr inc ipa l  axis for  the mass center .  
( 4 )  If  the system ceases t o  be r i g i d  and the pa r t s  a re  made 
to  move r e l a t i v e  to  one another,  but are ul t imately 
restored t o  t h e i r  i n i t i a l  r e l a t i v e  pos i t ions ,  then the 
value o f  the k ine t i c  energy of the quasi-r igid body subse- 
quent t o  r e l a t i v e  motion may d i f f e r  from tha t  possessed 
p r io r  t o  the motion; and the f i n a l  value may be grea te r  
than, equal t o ,  o r  less than the i n i t i a l  value (provided tha t  
(1) is not  violated) .  
o r  K3 , then the angular ve loc i ty  is  p a r a l l e l  t o  a 
It i s  a consequence of (4) t h a t  pa r t i cu la r  r e l a t i v e  motions of the pa r t s  
may cause the value of the k ine t i c  energy to  become e i t h e r  
a t  the in s t an t  when the system i s  restored to  i ts  quasi-r igid s t a t e .  
v i r t u e  
as long as no fur ther  r e l a t i v e  motions occur, and from (3) i t  follciws 
t ha t  the angular ve loc i ty  remains p a r a l l e l  t o  a pr inc ipa l  ax i s ,  s o  t ha t  
the motion is  one of simple spin.  
ing tumbling to  simple spin is to  seek r e l a t i v e  motions which cause the 
k ine t i c  energy to  assume the value K1 or  K3 a t  the in s t an t  when re la -  
t i v e  motion i s  terminated. 
Kg K1 o r  
By 
of (2),  the value of the k i n e t i c  energy must then remain fixed 
Thus a possible  s t ra tegy  fo r  convert- 
Statements (1) through (4) i n  the previous paragraph require  some 
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j u s t i f i c a t i o n .  Suppose tha t  the cent ro ida l  pr inc ipa l  moments of i n e r t i a  
of the quasi-r igid body, l1 , I2 $ and I3 $ are ordered so t h a t  
I1 < I2 c I3 (5 2) 
I f  
for  the m a s s  cen ter ,  and u) 
t i a l  angular ve loc i ty  of the quasi-r igid system refer red  t o  these u n i t  
vectors ,  then the angular momentum vector of the quasi-r igid system 
about i t s  mass center  can be expressed as 
a2 , a3 are u n i t  vectors  p a r a l l e l  t o  body-fixed pr inc ipa l  axes 
are measure numbers of  the iner- , w2 , w3 
2 = 11 % -a1 + 12 w2 2 2  + I 3  "3 a3 (5 33 
K , of the quasi-r igid body i s  and the k ine t i c  energy of ro t a t ion ,  
given by 
K = $I1 1 w1 2 +  
Elimination of  w1 between Eqs. (5 3) and ( 5 . 4 )  leads t o  
while elimination of w3 yie lds  
The terms i n  the square brackets i n  (5.5) and (5.6) are pos i t ive  by 
v i r t u e  of (5 e 2) . Hence 
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and statement (1) follows from the definitions 
Statement (2) 
energy integral of 
H2 
K1 = - 211 
H2 - -  
Kg -q 
(5 9 )  
(5 * 10) 
is a consequence of the well-known (e.g., see E4311 
Euler's equations of motion for a rigid body in free 
fall; and statement (3) may be verified by examining Eqs. (5.7) and (5-8) 
the equality in (5.7) holding only when w2 and u) are zero, i3 which 
case the angular velocity is parallel to al , while the equality in (5.8) 
holds only when the angular velocity is parallel to 
validity of statement ( 4 )  can be established by citing a single example, 
3 
a3 . Finally, the 
and several such examples appear in Secs. 7.4 and 8.3 .  
5.2 Symmetric Quasi-Rigid Bodies 
A special case of practical importance occurs when a system in a 
quasi-rigid state possesses an axially s.ymtnetric mass distribution, i,e,, 
when I2 equals either I1 or  I3 . 
The most general motion of a symmetric rigid body consists of spin 
about Che axis of symmetry, combined with precession of the symmetry 
axis. If a unit vector 2 is parallel to the symmetry axis, then the 
angle between 2 and ,H is given by 
cos cp = - 
b! 
(5.11) 
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Notice t h a t  cp can be calculated without knowledge of the a t t i t u d e  
are known. Suppose 1 ' "2 ' "3 of  the quasi-r igid system as long as 
t h a t  the i n e r t i a  e l l i p s o i d  of  the body is a pro la te  spheroid, so t ha t  the 
w 
''1" axis i s  the symmetry axis. Then 
a = a  - -1 
I2 = I3 
(5.12) 
(5.13) 
and 
(5.14) I1 "1 arc cos - Cp 
2 2  (5.11,5.3,5.12,5.13) 
On the other  hand, i f  the i n e r t i a  e l l i p so id  of the quasi-rigid body is 
an oblate  spheroid, then 
a = a  - -3 
I2 = I1 
(5.15) 
(5.16) 
and 
(5 17) 
I 3  "3 axc cos - 
2 2  2 2  
ep 
(5.11,5.3,5.15,5.16) 
Four claims, analogous to  statements (1) through (4) of Sec. 5.1, 
are applicable t o  symmetric quasi-r igid bodies, but involve cp ra ther  
than K : 
(1) When the system assumes its quasi-r igid state i n  f ree  f a l l ,  
then 
(5 e 18) 
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(2) The angle ~p remains constant as long as the system remains 
i n  i t s  quasi-r igid state. 
(3) I f  equals 0 o r  n , then the quasi-r igid body i s  per- 
forming simple spin about i t s  symmetry axis; moreover, i f  
cp equals the system is  spinning about an axis normal 
t o  the symnietry axis, i n  which case the component o f  angular 
2 ’  
veloc i ty  p a r a l l e l  t o  the symmetry ax is  is  zero an.d the other 
two components remain constant. 
(4) Relative motions of the p a r t s  of  the system which ult imately 
restwe the system t o  i t s  i n i t i a l  quasi-rigid state may alter 
the value of cp within the limits imposed by Eq. (5.18). 
Consequently, a s t ra tegy  for  converting a motion i n  which cp has an 
i n i t i a l  value cp t o  one such tha t  cp has a f i n a l  value cpf i s  to  
seek relative motions of the pa r t s  which res tore  the system to  i ts  
0 
f .  quasi-r igid state a t  an in s t an t  when cp i s  equal to  
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6 .  Att i tude  Equations f o r  Two-Body Systems 
6.1 General Relative Motion 
Two r i g i d  bodies (or a p a r t i c l e  and a r i g i d  body) which can move 
r e l a t i v e  t o  one another comprise the simplest  system which can exh ib i t  
quasi-rigid body motion. 
motions of such systems are derived. 
I n  t h i s  sec t ion ,  equations governing a t t i t u d e  
* 
The two r i g i d  bodies, A and B , have m a s s  cen ters  A* and B , 
B masses m 
respect ively.  The pos i t ion  vector of A* r e l a t i v e  t o  a poin t  0 t h a t  
i s  f ixed i n  an i n e r t i a l  reference frame F i s  denoted by E , and the 
and % , and cent ro ida l  i n e r t i a  dyadics - IA and 2 , A 
* * 
pos i t ion  vector of B relative t o  A by - r (see Fig. 6.1). 
Although only "free f a l l "  problems are t o  be s tudied,  i t  is  desir-  
ab le  a t  t h i s  point  t o  assume the presence of a general force system, thus 
broadening the a p p l i c a b i l i t y  of the equations t o  be developed. To t h i s  
end, the system of a l l  forces  ac t ing  on A and B i s  replaced with an 
equivalent system comprised of a force E applied a t  A* and a couple 
of torque 2 . ( i s  equal t o  the  r e s u l t a n t  of the ac tua l  forces ,  
and - T * i s  equal t o  the  sum of the  moments of these forces about A .) 
I n  accordance with D'Alembert's p r inc ip l e ,  
* * 
and XB , t he  i n e r t i a  forces  for  A and B , are given by EA where 
* zA = - mA 
and 
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Fig. 6 .1  Two bodies performing general relative motion 
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* 
-B F = - % @ + % )  ( 6  * 3) 
(Dots over vectors denote time d i f f e ren t i a t ion  i n  
M as 
F .) After defining 
M = m A - t - m g  (6 4 )  
subs t i tu t ion  from Eqs. (6.2) and (6.3) i n to  (6.1) gives 
- F = M $ + % :  ( 6  * 5) 
A second dynamical equation may be obtained from a summation of 
* 
moments about A : 
* * * p z A  + Z B  - t L X Z B  = o  
* * 
and T , the i n e r t i a  torques for  A and B , are given by ZA -B where 
B and &A and gB are the i n e r t i a l  angular ve loc i t i e s ,  and aA and a 
the i n e r t i a l  angular accelerat ions of bodies A and B , respectively.  
Subst i tut ion of  ( 6 . 3 )  i n to  ( 6 . 6 )  then leads. t o  
and elimination of 5 between (6.9) and (6.5) y ie lds  
m m  
r x i =  o A B  r X F  - M -  M -  
* * %  
Z + Z A  f Z B  - -  (6.101 
Note t h a t  t h i s  equation does not  involve the posi t ions of A and B i n  
F .  
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A B  I f  the angular ve loc i ty  of B r e l a t i v e  t o  A is  denoted by w , 
_. 
then 
B A A B  - w = _ w + _ w  
and, d i f f e r e n t i a t i n g  with respect t o  time, one obtains  
B A A d A B  A A B  - a =g. +,r JJ + g  x._w 
(6.11) 
(6.12) 
denotes t ime-differentiation i n  a reference frame fixed i n  Ad where - d t  
body A ; and - Y may be expressed as 
dt' 
Consequently (see Eqs. ( 6 .  l o ) ,  
i n e r t i a l  angular acce lera t ion  
(6.7), (6.8), (6.11), (6.12), (6.13)), the 
- aA of body A is  r e l a t ed  to  the forces 
ac t ing  on the system, t o  the angular .velocity gA 
vectors Au,B and 2 , which govern the  motion of B relative t o  A , 
as follows: 
o f  A , and t o  the 
c 
A m m  L X  (Q x r )  = A B  A A B  (z + I ) . &  - +M 
A A B  
A 
AsB -t gA x ".") + (zB * u, ) x T + [ ( E A + A B ) = g l x u ,  A A - A B . ( =  - 
A ]  
A Ad A 
r + 2 $  X Z L + W  x(u,  x r )  
m m  A B  - -  
M -  (6.14) 
Three scalar equations equivalent t o  Eq. (6.14) are obtained by 
introducing three mutually perpendicular u n i t  vectors -1 a ' -a* 2 3  
fixed i n  body A and by defining the following quant i t ies :  
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wi = u, A a.  i = 1, 2, 3 
-1 
i , j  = 1, 2, 3 A A = a . . I  . a  
i j  -1 - -j 
Fi = E  * a 
Ti = r  a. i = 1, 2, 3 
= a  - 1 B . a  i , j  = 1, 2, 3 
i = 1, 2, 3 -i 
-1 
-j B i j  -i - 
r = r - a .  i = 1, 2, 3 i -  -1 
i = 1, 2, 3 A B  a i =  - w - a i  
Eq. (6.14) is then equivalent t o  the three scalar equations 
Eij  w j  = Dh i = 1, 2, 3 
j=1 
where 
2 m m  A B  2 
Ell = All + Bll f - M (r2 + '3 1 
3 3 - 
D1 p: f w3 1 (A2i + B2i) wi - w2 (A3i + B3i) wi 
i=l i=l 
(6.15) 
(6 e 16) 
(6 e 17) 
(6.18) 
(6.19) 
(6.20) 
(6.21) 
(6.22) 
(6.23) 
(6.24) 
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i=l i=l 
3 
+ (r2 w3 - '3 w,) > wi ri 1 
i=l 
(6  -25) 
and a l l  remaining E ' s  and D ' s  may be obtained by cyc l ic  permutations 
of the subscr ipts  i n  Eqs .  (6.23)-(6.25). 
Eqs. (6.22) may be solved to  obtain e x p l i c i t  expression for 
wl w2 , w3 . I f  one f i r s t  defines 
- 2 
'1 - E22 E33 - E23 
- 2 
' 4  - E33 - E13 
'5 E E13 E12 - Ell E23 
2 - 
' 6  - E22 - E12 
then 
(6.26) 
(6.27) 
( 6  28) 
( 6  a 29) 
( 6  30) 
(6 .I 32) 
(6.32) 
(6 "33) 
(6 .34) 
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(6.35) 
Eqs. (6.33)- (6.35) are read i ly  amenable t o  numer-cal ( d i g i t a l  c ~ m -  
puter) in tegra t ion  which y i e lds  time h i s t o r i e s  of w1 tu2 w3 provided 
t h a t  the  i n i t i a l  values o f  w1 , w2 , w3 are given, t h a t  m A > "B 3 and 
the Aij defined by Eq. (6.16) are known, and t h a t  time h i s t o r i e s  of the 
quan t i t i e s  defined by Eqs. (6.17)-(6.21) are ava i lab le .  When t h i s  i s  the 
case, 
proceeding as follows: 
W 1  3 u-'2 J &)3 may be computed a t  each s t ep  of the in tegra t ion  by 
(1) The instantaneous values of Ell , E12 , EI3 , E22 , E23 , E33 
and of the  D ' s  are ca lcu la ted  using Eqs. (6.23)-(6.25) with 
appropriate permutations of the  indices. 
(2) The C ' s  and A are ca lcu la ted  from Eqs. (6.26)-(6.32).  
(Note: f o r  these ca lcu la t ions  only s ix  of the nine E ' s  are 
required because of t h e i r  symmetry.) 
(3) Fina l ly ,  "1 , w2 , w3 are determined from Eqs. (6.33)- (6.35).  
O f  course, the nature of the Fi , Ti , Bij and of the ri , Qi , and 
t h e i r  der iva t ives ,  a l l  of which appear i n  Eqs. (6.23)-(6.25),  has not 
been discussed and, indeed, no more can be s.aid u n t i l  a pa r t i cu la r  two- 
body system and r e l a t i v e  motion have been chosen. I n  the following sec- 
t ion ,  expressions fo r  some of these terms are found for  one class of 
motions of B r e l a t i v e  to  A . 
6 . 2  Kinematics of Two Hinged Bodies 
I n  general, a r i g i d  body B possesses s i x  degrees of freedom rela- 
t i v e  to  a r i g i d  body A . However,if the two bodies are connected by a 
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simple hinge, B possesses only a s ingle  degree of freedom r e l a t i v e  t o  
A . The quant i t ies  B , ri , and SZi of Eqs .  (6.19)-(6.21) can then 
i j  
be expressed i n  r e l a t i v e l y  simple terms which depend only on the location 
and or ien ta t ion  i n  each body of  the hinge axis and on the generalized 
coordinate used to  describe the a t t i t u d e  of B r e l a t i v e  to  A . 
I n  Fig. 6 .2 ,  L designates the hinge ax is ,  C is  a point on L , 
chosen a r b i t r a r i l y ,  and the posit ion vectors of C r e l a t ive  t o  A" znd 
B" are denoted by - a and & , respectively.  Two sets o f  three mutually 
perpendicular u n i t  vectors ,  z1 , a2 , a3 and bl b2 b3 , are fixed 
i n  A and B respectively; a u n i t  vector 3 l ies p a r a l l e l  t o  L ; 
and u n i t  vectors  n and n , both normal to  L , are fixed i n  A and 
B , respect ively.  F ina l ly ,  the angle a between zA and n is  re- 
garded as increasing when *gB , the angular ve loc i ty  of B 
-A -B 
-B 
i n  A,  has 
the same sense as & . 
When B r o t a t e s  r e l a t i v e  to  A about L , su i tab le  expressions 
for  Bij  ri , and Qi (see Eqs. (6.19)-(6.21)) may not be readi ly  
avai lable ,  but can always be constructed. For instance,  one may have 
been given the moments and products of i n e r t i a  o f  B for  B , i . e . ,  " 
where Ii j 
= b. zB . b i , j  = 1, 2, 3 
Iij -1 -j 
(6 e 36) 
i n  which case one must determine a d i rec t ion  cosine matrix [c ]  such tha t  
(6 37) 
as Bi ja f t e r  which one can express 
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Fig .  6.2 Tvo hinged bodies 
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3 3  
i, j =.l, 2, 3 B B i j  = Imn 'mi Cnj (6.38) 
m = l  n=l 
t h  th  where c denotes the element i n  the row and i- column of [ c ] '  m i  
To express [ c ]  i n  terms of quant i t ies  which govern the or ientat ion 
of h and n i n  A , and of h and n i n  B , one may proceed as 
follows: Express - h and nA i n  terms of al , a2 , a3 by means o f  two 
-B - -A - 
s e t s  of di rec t ion  cosines,  pll , p12 , p13 and ~ 3 1  3 ~ 3 2  9 ~ 3 3   i*e*, 
l e t  
3 
i=l 
and, s imi la r ly ,  express 4 and nB as 
3 
3 
-B 
i=l 
(6 .) 39) 
( 6 . 4 0 )  
(6 42)  
Next, l e t  m and be un i t  vectors defined a s  
-A 
m = n  x h  (6 e 4 3 )  -A -A - 
and designate by [p] and [q] the d i rec t ion  cosine matrices such that 
and 
( 6 . 4 5 )  
( 6 . 4 6 )  
( 6 . 4 7 )  
( 6 . 4 8 )  
Then, i f  a superscr ip t  T is  used t o  denote t ransposi t ion,  
T - I&, fiBJ GB1 cr1 [PI 
k 1 2  22’ a31 
( 6 . 4 5 , 6 . 4 7 )  
( 6 . 4 9 )  T T  - [kl, b2, b31 Cql Crl [PI  
( 6 . 4 6 )  
. t h  and comparison with ( 6 . 3 7 )  shows t h a t  c is  the element i n  the L- 
row and j- column of  [qIT [,IT [p]  ; i .e. ,  
i j  . 
t h  
c = d + eij s i n  a 4- f i j  cos a i , j  = 1, 2, 3 (6.50) i j  i j  
where 
dij = 41i P l j  i , j  = 1, 2, 3 (6.51‘) 
e =  i , j  = 1, 2, 3 (6 * 5 2 )  
i j  92i  P3j - 43i  P2j 
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f =  i j  '2i P2j + 43i P3j i , j  . = 1, 2, 3 (6.53) 
t h  th  and p and q are, of  course, the elements i n  the i- rcw and j-- 
column of [p] and [q] , respectively.  When using these relat ionships ,  
one should keep i n  mind tha t  the elements i n  the f i r s t  and th i rd  rows 
of the matrices [p] and [q] specify the or ien ta t ion  of h and n 
i n  A , and of & and -5~ i n  B (see Eqs. (6.39)-(6.42)); the elements 
i n  the second rows of [p] and [q] can be expressed i n  terns of the 
elements of the f i r s t  and th i rd  rows of the matrices by reference t o  
Eqs. (6.43) and (6.44). For example, 
i j  i j  
-A - 
(6  a 54) '21 = '32 '13 - '33 '12 
and 
- 
'23 - q31 '12 - '32 '11 (6.55) 
The quant i ty  r appearing i n  Eq. (6.20) may be expressed i n  a i 
convenient form by noting tha t  the posi t ion vector i s  given by (see 
Fig. 6.2) 
- r = a - -  b 
and t h a t ,  i f  a and bi are defined as i 
a = a . a .  i -  -1 i = 1, 2,  3 
and 
= b o b  i = l , 2 , 3  b i  - -i 
then -(see (6.56)-(6.58), (6.37), (6.50)) 
(6 56) 
(6 e 57)  
(6  m 58) 
r = u - v s i n  a - w. cos a .i = 1, 2, 3 (6.59) i i i 1 
where 
3 
u = a  - L b j  d j i  i = 1, 2 ,  3 i i 
j =1 
(6 60 )  
3 
v i = l b j  eji 
j =1 
i = 1, 2, 3 (6.61) 
3 
w i = l b j  f j i  
j =1 
i = 1, 2 ,  3 (6.62) 
The time der iva t ives  of  r required for use i n  Eq. (6 .25)  can now i 
be found easi ly:  
i- = (wi s i n  a - v cos a) a i = 1, 2, 3 (6 .63)  i i 
(6 .59)  
E' = (w. s i n  a - vi COS a) E i 1 
(6.63) 
(6.64) = 2  + (v. s i n  a -i- wi cos a) a i = 1, 2 ,  3 
1 
Fina l ly ,  €or hinged systems, the angular ve loc i ty  of B i n  A i s  
given by 
(6.65) 
and 0 of Eq. (6.21) can be expressed as i 
f i P l i  i = 1, 2 ,  3 (6 e 66)  
Qi 
(6  65,6.39) 
Furthermore, i t  then follows t ha t  
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Thus, if body 
tion is given: 
4 = ti pli i = 1, 2 ,  3 
( 6 . 6 6 )  
( 6 . 6 7 )  
is hinged to body A and i, the follovi2g kfoma- 
which specify the orientation Pij (1) the direction cosines 
of h and in A (see Eqs. ( 6 . 3 9 )  and ( 6 . & 0 ) ) ,  
(2) the direction cosines which specify the orientation of 
, qij 
- h and -5 in B (see Eqs. ( 6 . 4 1 )  and ( 6 . 4 2 ) ) ’  
( 3 )  the time history of a , 
( 4 )  the quantities I B which are centroidal moments and 
iJ 
products of B referred to the bl , b2 , bg directions (see 
Eqs. ( 6 . 3 6 ) ) ,  and 
( 5 )  the quantities a and bi which are components of the i 
position vectors 2 and - b referred to directions fixed in 
A and B , respectively (see Eqs. ( 6 . 5 7 )  and ( 6 . 5 8 ) ) ,  
’ Xi ’ ti Y yi Y ai and ai , appearing in Bij then the quantities 
Eq. ( 6 . 2 5 ) ’  can be found as follows: 
(I) The second rows of matrices [p] and [q] are found using 
Eqs. ( 6 . 5 4 )  , ( 6 . 5 5 ) ,  and cyclic permutations thereof. 
(11) The quantities d.. , e f.. are formed by reference to 
IJ ij’ 1-j 
Eqs. ( 6 . 5 1 ) - ( 6 . 5 3 ) .  
(111) The quantities ui vi , wi are formed by reference to 
EqS . ( 6 . 6 0 )  - ( 6 . 6 2 )  e 
(XV) The quantities cij are determiaed by using Eqs. ( 6 . 5 0 ) ,  
and then the Bij are computed from (5.38). 
are formed from Eqs. ( 6 . 5 9 ) ,  .. (v) The quantities ri i-i , ri 
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( 6 . 6 3 ) ,  and ( 6 . 6 4 ) ,  respect ively.  
(VI) F ina l ly ,  ai and ai are obtained from Eqs. ( 6 . 6 6 )  and 
( 6 . 6 7 ) .  
The formulation i n  t h i s  sec t ion  proves advantageous when the equa- 
t ions  of motion ( 6 . 3 3 ) - ( 6 . 3 5 )  are integrated numerically. Then s teps  I, 
11, and 111 can be completed once and fo r  a l l  p r i o r  t o  the in tegra t ion .  
Steps I V ,  V,  and V I  must be performed a t  every s t ep  of the in tegra t ion ,  
e. but are r e l a t i v e l y  straightforward once a , & , a, , s i n  a , and cos a 
are known. 
6 . 3  Computer Program 
Analytical  so lu t ions  of the  equations fo r  the a t t i t u d e  motion of 
systems comprised of two r i g i d  bodies are d i f f i c u l t  t o  obtain; and these 
so lu t ions  are mainly r e s t r i c t e d  t o  systems which perform r e l a t i v e l y  
simple motions o r  which possess an extremely simple geometry. 
remainder of cases, ineluding those considered i n  the  sequel, only a 
numerical in tegra t ion  of the  equations o f  motion i s  possible; and t h i s  i s  
not a f eas ib l e  t a sk  without a d i g i t a l  computer. 
I n  the 
I n  t h i s  sec t ion ,  four  FORTRAN computer subroutines capable of per- 
forming the ca lcu la t ions  outlined i n  Secs. 6 . 1  and 6 . 2  are described. 
(A complete l i s t i n g  of these subroutines is  contained i n  Appendix A.2,) 
O f  these four subroutines, two deal  exclusively with hinged bodies and 
perform computations discussed i n  Sec. 6 . 2 ;  a t h i r d  subroutine performs 
only those operations described i n  Sec. 6 . 1  and can be used e i t h e r  with 
the f i r s t  two subroutines h e n  hinged systems are being considered o r  
without these f i r s t  two when more general r e l a t i v e  motions are involved. 
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The fourth subroutine performs numerical integrat ion.  
The most important of  the subroutines i s  e n t i t l e d  TWOBOD. This 
and Di of Eqs. (6.23)- (6.25) , and solves Eqs. Ei j  subroutine computes 
(6.22) t o  obtain the instantaneous values of iU , w2 , iU3 i n  accord- 
ance with Eqs. (6.33)- (6.35). 
t a t i ons  i n  Sec. 6.1 and, hence, with general r e l a t i v e  motions of two- 
body systems. Certain quant i t ies  per ta ining to  the i n e r t i a  and geomet- 
Thus, TWOBOD deals exclusi-vely with compu- 
r ical  propert ies  and t o  the r e l a t i v e  motion of the bodies must be supplied 
t o  TWOBOD. 
"A "B 
BODBLK,. 
Those quan t i t i e s  which remain constant,  namely Aij  3 
are supplied to  i t  by means of  a COMMON block named "B , and - M M 
One of the subroutines, BODIES, which deals  with hinged bodies 
and which w i l l  be discussed shor t ly ,  i s  equipped t o  pass these constant ' 
quan t i t i e s  t o  TWOBOD. When subroutine BODIES i s  not included i n  the 
user ' s  program, some other p a r t  of  t h a t  program must contain a COMMON 
block named BODBLK and must define these constants. Those quant i t ies  
which are time-varying, namely Fi , Ti , Bij , and 
t h e i r  der ivat ives  (see Eqs. (6.17)-(6.21)) are supplied by a subroutine 
named INTRNL which i s  ca l led  by TWOBOD. 
ri , ni , and 
The numerical in tegra t ion  i t s e l f  is performed by subroutine DFEQS1 
which must be ca l led  by a main program each time tha t  integrat ion over a 
time in t e rva l  i s  desired.  Subroutine DFEQS1 was  obtained from the sub- 
program l i b r a r y  of the Stanford University Computation Center and employs 
a Kutta-Merson procedure for  numerical integrat ion (e.g., see Fox [44]). 
Since DE'EQSl calls  subroutine TWOBOD a t  least f ive  times during each. 
s tep  of the in tegra t ion ,  an attempt was Tnade t o  streamline TWOBOD t o  
speed the computations. To this end, most a r ray  elements i n  TWOBOD are 
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i n i t i a l l y  redefined as real var iables  and the expressions for  each of 
the quant i t ies  
ra ther  than having the computer manipulate indices.  
A subroutine named INTRNL, which supplies 
and D of Eqs. (6.23)-(6.25) are coded exp l i c i t l y ,  Ei j i 
OD with time h i s to r i e s  
ai , and t h e i r  deriva- i '  of the quan t i t i e s  
t i ves  (see Eqs. (6.17)-(6.21)19 must be supplied regardless of the nature 
of the motion of B r e l a t i v e  to A However, when A and B are 
hinged, the r e s u l t s  of Sec. 5.2 may be embodied i n  INTRNL; and exact ly  
such a vers ion of  INTRNL is  included i n  Appendix A.2. 
lar version, the quant i t ies  
problems t o  be considered i n  the sequel deal only with torque-free motion. 
F i  3 T i  3 B i j  , and of  r 
I n  t h i s  particu- 
and Ti are equated t o  zero s ince the Fi 
This feature  can be e a s i l y  modified, should the user so elect. The so le  
purpose of t h i s  version of INTRNL is  t o  compute the quant i t ies  Bij , ri 
ti 9 ri > QNi , and Qi i n  accordance with Eqs. (6.38),  (6 .59) ,  ( 6 . 6 3 ,  
(6 .64) ,  (6 .66) ,  and (6 .67) ,  respect ively.  To achieve t h i s  end, INTRNL 
.. a *  
must obtain the instantaneous values of the angle 
& and e These values are supplied by a subroutine ALPHA which i s  
ca l led  by INTRNL. 
determine the quant i t ies  c by means of  Eq. (6 .50) .  
a and i t s  der ivat ives ,  
I n  the course of i t s  computations, INTRNL must a l so  
i j  
I n  the der ivat ion of Sec. 6 . 2 ,  grea t  care was  taken to  separate the 
quant i t ies  which depend on the angle a ( i - e . ,  the time-varying terms) 
and u , which remain B Iij ¶ dij i j  from those quant i t ies ,  such as 
constant. This was done so t h a t ,  i n  a computer program, t h i s  same sepa- 
r a t ion  could be effected.  It is  the task of subroutine BODIES t o  compute 
these constant terms once and fo r  a l l  p r io r  t o  integrat ion and t o  pass 
them t o  subroutine IMTRNL v i a  a block of COMMON named INTBLK. Recall 
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that BODIES a l s o  passes constants  t o  subroutine TWOBOD v i a  a C m O N  
block named BODBLK. 
I n  order t o  supply subroutine BODIES with the r equ i s i t e  geometrical 
and i n e r t i a  proper t ies ,  i t  was decided t o  a l s o  assign BODIES the  task of 
reading the  da ta  cards on which these proper t ies  are provided. 
quently> BODIES f i r s t  reads four cards which contain the following quan- 
tities: 
Conse- 
, ui , vi , and w i Next, the quan t i t i e s  
are computed following Eqs. (6.54), (6.55), (6.51)-(6.53) and (6.60)- 
mA mB (6.62); and the  quan t i t i e s  7
"s are ava i lab le  t o  TWO'BOD, FT Fina l ly ,  the quan t i t i e s  Aij , 'M mA mB > and 
pZi , q2i , dij a eij  a f i j  
and 3 are a l s o  determined. M 
and dij , eij , f i j  a ui , vi , Wi , pij , and Iij are ava i lab le  t o  
INTRNL s ince these quan t i t i e s  have been declared i n  the appropriate 
COMMON statements . 
Tables 6 .1  through 6.5 summarize the fea tures  of these four S U ~ P Q U -  
t ines .  
Table 6.2 itemizes the terms s tored  i n  COMMON blocks by BODIES. Tables 
6.3, 6.4, and 6.5 describe the quan t i t i e s  i n  the parameter lists of sub- 
rout ines  INTRNL, TWOBOD, and DFEQSl and provide o ther  useful  infomation.  
Table 6 .1  lists the input  da ta  read by subroutine BODIES and 
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Symbol i n  Symbol i n  
ana 1 y s is  BODIES 
Table 6.1 
Variable Definit ion 
type 
Real 
Array 
Real 
Moments & products of i n e r t i a  of 
body A for  A* referred to  
-1 a 3 2 2  2 a 3  - See (6.16). 
Mass of body A. 
Card No. 2: Format (3F10.3, 2X, 6F8.3) 
A 1  
A2 
A 3  
P12 
P13 
P31 
P32 
P33 
al 
a2 
3 a 
R e a l  
p11 
p12 
'13 
R e a l  
'31 
'32 
p33 
R e a l  
Card No. 3: Format (7F10.3) 
I B l l  
IB22 
I B 3 3  
IB12 
I B 1 3  
IB23 
B 
Ill 
f22B 
R e a l  
Components of 2 , the posi t ion 
vector of c relative t o  A* 
re fer red  to  -al a2 a3 = 
See (6.57). 
Components of & , the u n i t  vector 
p a r a l l e l  to  the hinge, referred t o  
-1 a 9 a 2  ' a 3  See (6.39). 
Components of zA , a u n i t  vector 
fixed i n  A & normal t o  3 
re fer red  t o  -al -a2 , as . 
See (6;40). 
Moments & products*of inertia 
of body B fo r  B re fer red  t o  
b b . See (6.36). bl 3 -2 ' -3 
Mass of body B e 
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Symbol i n  
BODIES 
Symbol i n  Variable 
analysis  t n e  Defini t ion 
B 1  
B2 
B3 
431 
Q32 
433 
bl 
b2 
b3 
Components o f  b , the pos i t ion  
vector of c r e l a t i v e  t o  B* , 
re fer red  t o  a, , b2 , l~+ . 
See (6.58). 
R e a l  
'31 
'32 
433 
Components of  n , a u n i t  vector 
f ixed i n  B an~Bnormal t o  & ." 
re fer red  t o  bl , 2, , b3 . 
See (6.42). 
R e a l  
Subroutine BODIES has no parameter l ist  . 
Subroutines called: None 
Named COMMC!N blocks: /BODBLK/ , /INTBLK/ 
Subroutine BODIES i s  ca l l ed  by the Main Program. 
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Table 6.2 
Named COMMON /BODBLK/ . 
Contained i n  subroutines BODIES and TWOBOD 
Definit ion 
The Aij ; the  i n e r t i a  dyadic of * 
body A for A . See (6.16). 
MM I I Real I See (6.25). 
Named COMMON /INTBLK/ 
Contained i n  subroutines BODIES and SNTRNL 
Symbol i n  
program 
D 1 1  
D12 
D l  3 
D21 
D22 
D23 
D 3 1  
D32 
D33 
E l l  
E12 
E13 
E21 
E22 
E23 
E31 
E32 
E33 
Symbol i n  
analysis  
ell 
e12 
= I3  
21 
22 
23 
e 
e 
e 
e31 
e 32 
33 e 
Variable 
tme 
Real 
R e a l  
Definit ion 
See (6.51). 
See (6.52). 
Symbol in 
program 
F11 
F12 
F13 
F21 
F22 
F23 
F3 1 
F32 
F33 
u1 
u2 
u3 
v1 
v2 
v3 
WI 
w2 
w3 
P11 
P12 
P13 
IBll 
IB12 
IB13 
IB22 
13323 
IB33 
Symbol in 
analysis 
11 
12 
13 
f21 
22 
23 
f31 
32 
33 
w1 
"2 
3 W 
p11 
p12 
'13 
IllB 
112B 
12: 
13: 
B 
'13 
123B 
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Table 6.2 (continued) 
Variable 
twe 
Real 
Real 
Real 
Real 
Real 
Real 
Definition 
See (6.53). 
- _____ 
See (6.60). 
See (6.61). 
See (6.62). 
Moments and products of inertia of 
B for B referred to bl b -2 
b . See (6.36). -3 
* 
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Table 6.3 
Subroutine INTRWL (T,F,MA,B, 
Real 
MA I I Array 
B R e a l  Array lB 
Array 
Array DWBA 
I I 
I I 
R r - Real Array 
Definit ion 
Time. 
(F1 , F2 , F ); the r e su l t an t  of the 
forces act ing on bodies A & B . 
See (6.17). 
3 
(T1 , T2 , T ); the moment of the  force 
system about A* . 3 See (6.18). 
Centroidal i n e r t i a  dyadic of body B I 
re fer red  t o  -al , a2 , -a3 ; the  Bid a 
See (6.19) and (6.38). 
( Ol , $ 
B i n  A . See (6.21) and (6.66). 
%); the  angular ve loc i ty  of 
, Q3 ); the time derivat ive i n  
A of . See (6.67). 
(rl , r2 
f B* r e l a t i v e  t o  A . See (6.20) and 
(6.59). 
r3); the posi t ion vector of 
(rl , r2 , r3); the time derivat ive in 
A of 5 a See (6.63). 
V. e. (T, , r2 , r3); the second t i m e  deriva- 
t i v e  i n  A of g See (6.64). 
Subroutines called: ALPHA (T,ALF,DALF,DDALF) 
Named COMMON blocks: /INTBLK/ 
Subroutine INTRNL is  ca l led  by subroutine TWOBOD . 
- 107- 
A 
B D W  
Table 6 . 4  
(ill 3 i12 Y "3 ); the inertial angular 
acceleration of body A . See (6.33)- 
( 6 . 3 5 ) .  
Array 
Subroutine TWOBOD ( T , W , D W )  
I I I 
( u ) ~  w2 w3); the inertial angular 
velocity of body A . See ( 6 . 1 5 ) .  A I Real l4 I Array WAF 
Subroutines c a1 led : 
Named COMMON blocks: /BODBLK/ 
Subroutine TWOBOD is called by subroutine DFEQS1. 
INTRNL (T, F ,MA, B , WBA, DWBA , R, DR, DDR) 
Table 6.5 
Subroutine DFEQSl (NEQ,X,STEP,Y,H,EPS,*) 
(Courtesy Stan ford Compu tatim Center) 
I * Transfers control  to  main program if specif ied accuracy cannot be obtained. Re  turn I Label 
Subroutines called: F (i.e., TWOBOD) 
Named COMMON blocks: None 
Subroutine DFEQSl is ca l led  by the Main Program. 
(The Main Program must contain an EXTERNAL TWOBOD statement.) 
- 109- 
Of course, these four subroutines alone do not comprise a complete 
computer program. Unfortunately, the additional subprograms which are 
required depend more heavily on the nature of the particular problem be- 
ing considered and on the input-output format desired by the user. Con- 
sequently, it is more difficult to maintain generality while documenting 
additional subprograms. Nevertheless, to perform the computations out- 
lined in the sequel, a complete program must be written and one will be 
described here with the understanding that it may not be suitable, or 
even readily adaptable, for other purposes. In fact, this version of the 
program cannot even be used to generate data points for some of the 
illuminating, but non-essential, graphs in the sequel (e.g., Figs. 7.4, 
7.6 or the graph of cp in Fig. 8.2). There are three subprograms to be 
considered, subroutines ALPHA and OUTPUT, and the main program, itself. 
Complete listings of these subprograms are contained in Appendix A . 3 ,  
The medium for prescribing motions of B relative to A is a sub- 
routine ALPHA which is called by INTRNL and which must provide the instan- 
taneous values of the angle a and of its time derivatives, & and 6 . 
Thus far, no functional form for a has been presented and, indeed, 
finding appropriate forms is the central. topic of Sec. 7.3. However, for 
illustrative purposes 
cussed in Secs. 7.3 and 8.2 is presented in Appendix A.3. The particular 
function for a prescribed therein is of the form of Eq. (7.27) which is 
plotted in Fig. 7.2. 
dependent on two parameters, an amplitude and a period, which. are sup- 
plied to ALPHA 3y the main program via a COMMON block named AlJ3BI.X~ 
Thus, the main program is somewhat related to the nature of subroutine 
a subroutine ALPHA which performs computations dis- 
This function has the nature of a pulse a& is 
- 110- 
ALPHA. It i s  probable t h a t  the user w i l l  wish t o  prescribe a d i f f e r e n t  
type of time h i s t o r y  for  a , i n  which case he must write a new subrou- 
t i n e  and must, perhaps,rewrite p a r t s  of the  main program. This new sub- 
rout ine  must a l so  be named ALPHA i f  i t  i s  t o  be ca l l ed  by the present 
version of subroutine IIYTRNL. 
We next consider the  varied r o l e s  of the main program whose f i r s t  
duty is  t o  w r i t e  a heading for  the  f i r s t  page of output. The main pro- 
gram then calls on subroutine BODIES t o  read i n  values of i n e r t i a  proper- 
ties. Next, the  main program reads i n  the i n i t i a l  conditions for  the 
motion, namely, the  i n i t i a l  time, the i n i t i a l  values of , w2 , w3 , 
and an in teger  N which ind ica tes  the number of pulses of the r e l a t i v e  
w1 
motion t o  be performed. Then, a succession of N da ta  cards ,  each con- 
ta in ing  a pulse amplitude and period, and an integer  indicat ing the  
number of pr in t -outs  t o  be made during t h a t  pulse, are read by the  main 
program. 
time t h a t  a s t e p  of in tegra t ion  is  t o  be performed. Two time var iab les  
All t h a t  remains i s  fo r  the main.program t o  cal l  DFZEQSl each 
are maintained i n  the main program. 
value indicated on a da ta  card and increases  cont inual ly ,  representing 
One, TIME, starts a t  an i n i t i a l  
real time; a second var iab le ,  T , is reset. t o  zero a t  the beginning of  
every pulse of r e l a t i v e  motion. F ina l ly ,  the one remaining task of the 
main program i s  t h a t  of per iodica l ly  c a l l i n g  subroutine OUTPUT which 
3 '  writes ou t  the instantaneous values of TIME, 
I f  there  are addi t iona l  i t e m s  which one wishes t o  compute and which are 
functions of the angular rates and of a h , and (e.g., the  
k ine t i c  energy, as seen i n  Fig. 7.4), these computations can of ten  be 
incorporated i n t o  subroutine OUTPUT. 
a , w1 , w2 , and w 
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The program whose parts are listed in Appendices A.2 and A . 3  way be 
employed to verify some of the results presented in the sequel or may be 
used to perform similar calculations. To accomplish these ends, the 
program user need only know how to furnish data cards. 
a list of symbols, definitions, and formats for these data cards, 
data cards for two examples considered in the sequel (see Figs. 7.3; 
7.5, and a of Fig. 8.2) are given at the end of Appendix A . 3 ;  and the 
corresponding output pages for these examples are presented in Appendix 
A . 4 .  
provided that a complete set of data cards is submitted for each example. 
Additional information concerning the main program is contained in 
Table 6.7; and complete definitions of the items appearing in the param- , 
eter 
and 6.9, respectively. 
Table 6.6 presents 
Sample 
Any number of examples can be handled, in turn, by the program, 
lists of subroutines ALPHA and OUTPUT are presented in Tables 6.8 
Two additional points should be made: Firstly, any compatible 
system of units can be employed for time, length, and mass; the only 
restrictions on units employed in the program under consideration are 
that initial angular rates be specified in radians per time unit (see 
Data Card No. 5 in Table 6.6) and that the amplitude of 
degrees (see Data Cards Nos. 5+I in Table 6.6). Secondly, it will be con- 
venient in the sequel to non-dimensionalize time in such a way that the 
system of two bodies, when spinning as a quasi-rigid body about a partic- 
ular principal axis, performs one revolution per time unit. 
accomplished by choosing the initial angular velocities (see Data Card 
No. 5 in Table 6.6) in such a way that the magnitude of the angular vcloc- 
ity of the system, when spinning about this principal axis, becomes 
This procedure is followed in both examples in Appendix A.4. 
a be given in 
This can be 
23 . 
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Data Cards: 
The f irs t  4 data cards, are read in by subroutine BODIES. 
See Table 6.1 for details. 
owing data cards are read by the Main Program. 
Initial values of wl , w2 , w3 the 
components of the angular velocity o f  
in  degrees. See (7.27) and 
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Table 6 .7  
Main Program 
Subroutines cal led:  BODIES 
OUTPUT (TLME,T,WAE') 
OUT2 (a second en t ry  t o  OUTPVr) 
DFEQSl (NEQ,X,STEP,Y,F,EPS,*) 
Named COMMON blocks: /ALFBLK/ 
Duration of pulse of  a . See (7.27'4 
and Pig. 7 . 2 .  PERIOD I T f R e a l  I 
Amplitude, i n  radians,  o f  pulse of 0: . 
See (7.27) and Fig. 7 . 2 .  AMPLTD I r I R e a l  I 
Table 6 . 8  
Subroutine ALPHA (T,ALF,DALF,DDALF) 
Symbol i n  
parameter 
l i s t  
T 
ALF 
DALF 
DDALF 
Symbol i n  
ana lys i s  
a 
a 
.. a 
Variable 
type Defini t ion 
Time from the start of a cycle of 
r e l a t i v e  motion. See (7 .27) .  Real I 
The angle between gA and n 
See Fig. 6 . 2 .  1 -B R e a l  
I 
R e a l  Time der ivat ive of a . 
Real Second der iva t ive  of a . 
Subroutines called: None 
Named COMMON blocks: /ALFBLK/ 
Subroutine ALPHA is ca l l ed  by subroutine INTRNL. 
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Elements 
of Real 
Array 
Table 6.9 
The inertial angular velocity of 
body A . See (6.15). 
Subroutine OUTPIJT (TIME,T,WLF) 
I Symbol in 
parameter 
list 
T 
Symbol in 
analysis 
t 
5 
A 
w 
Symbol in 
Output 
Angle between n+ and n . See 
Fig. 6.2. -B ALPHA 
I I I 
I I I 
"1 
m2 
w3 
Subroutines called: ALPHA(T,ALF,DALF,DDALF) 
Named COMMON blocks: None 
Subroutine OUTPUT is called by the Main Program. 
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7. Altera t ion  of Att i tude Motions of a Tumbling Man 
7.1 Description 
Suppose t h a t  a man i n  free f a l l  i s  tumbling while holding h i s  limbs 
i n  the pos i t ion  of "attention." 
means of limb maneuvers, in to  a simple spin i n  which he again assumes 
He may wish to  convert t h i s  motion, by 
the o r ig ina l  quasi-rigid state (i .e. ,  i n  which he again occupies a posi- 
t ion  05 "attention"). 
about an axis p a r a l l e l  to  h i s  r o l l  axis, because t h i s  is the axis of max- 
imum centroidal  moment of i n e r t i a ,  and the associated ro ta t ion  thus pro- 
ceeds with minimum angular speed. For example, i f  the i n i t i a l  motion 
I n  a l l  probabi l i ty ,  he would wish t o  be spinning 
was  a l so  a simple spin,  but  about the yaw ax i s ,  conversion of the motion 
to  r o l l  would reduce the spin rate by a fac tor  of 13.4. 
I f  we require  the man t o  maneuver by swinging one arm i n  a torso- 
fixed plane while keeping a l l  other limbs fixed r e l a t i v e  t o  the torso,  
then he can be modelled as a system of two hinged r i g i d  bodies; the anal- 
yses i n  Secs. 6.1 and 6.2 are applicable;  and the equations of motion 
(6.33)-(6.35) can be integrated (numerically), once i n i t i a l  values of the 
components of the i n e r t i a l  angular ve loc i ty  of the torso have been given, 
provided tha t  a su i t ab le  expression for  the function governing the motion 
of the arm r e l a t i v e  to  the torso is  avai lable .  A procedure for  obtaining 
functions which cause a tumbling motion t o  be converted t o  simple spin 
is  presented i n  Sec. 7.3. F i r s t ,  however, an appropriate model of the 
man is  described i n  Sec. 7.2. 
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7.2 Model -
The human i s  modelled as a system of two r i g i d  bodies, A and B , 
hinged together about an axis passing through a point C a The main 
body A 
the l e f t  arm. Body B represents the movable r i g h t  arm and C repre- 
i s  comprised of the torsoo head, straightened legs ,  and, say, 
sents  the shoulder j o in t .  
Body B is  assumed t o  be ax ia l ly  symmetric about a l i n e  joining 
i ts  mass center  B* to  C , the  distance from 3 t o  C being b , 
Arm B has a m a s s  
axis and I about any l i n e  passing through B and normal t o  the 
symmetry axis. Mutually perpendicular u n i t  vectors ,  
are fixed i n  B , with - bl p a r a l l e l  t o  the symmetry axis and with the 
d i rec t ion  of b3 
* 
% and moments of i n e r t i a  I about i ts  symmetry 1 * 
2 
bl , b2 II b3 
chosen a r b i t r a r i l y  (provided, of course, t ha t  it i s  
normal t o  b ). -1 * 
The mass center A of body A is  located r e l a t i v e  t o  C by a 
distance a para le1 t o  the p i t ch  axis and a distance al p a r a l l e l  t o  
the yaw axis (see Fig. 7.1).  Let t ing -al , a2 , a3 be mutually perpen- 
dicular  u n i t  vectors  p a r a l l e l  t o  the yaw, pi tch,  and ro l l ' axes ,  respec- 
2 
represent the centroidal  moments and prod- Aij  t ive ly ,  then quant i t ies  
uc ts  of inertia of A re fer red  t o  the a. and a directions.  
Final ly ,  the  mass of  A i s  mA . 
-1 -j 
Although body A is r ig id ,  it may be regarded as being composed of 
two bodies. One, D represents the torsos  head, and legs and the other ,  
B' , represents the l e f t  arm and is  iden t i ca l  to  B e Body D has a m a s s  
"I> and centroidal  pr inc ipa l  moments of i n e r t i a  D1 , D2 , D3 about the 
yaw, p i tch ,  and r o l l  axes, respectively.  (D1 , D2 Dg correspond t o  
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a A A I3 I2 I1 respec t ive ly ,  i n  the  case where the  legs  are s t r a i g h t  
'sn * 
i n  Table 4.1.) , The m a s s  center  D of D is  located on the  yaw axis a t  
a dis tance dl from the  midpoint 0 of a l i n e  of length 2d2 joining 
the shoulders (see Fig. 7.1). 
I n  terms of the i n e r t i a  proper t ies  of D and B' the  mass of A 
is  given by 
the moments and products of i n e r t i a  of 
B "B% All = D1 3. I + -
"A 
B %mD 
A22 = D 2 I- I2 + -m A 
* 
A for A by 
A33 = D3 4- I:+- [(dl - b)2 4- d2 2 ] 
"A 
(dl 
mB "D A21 = -m - A A12 - 
AI3 = A31 = A23 = A32 = o  
and the  d is tancesre la t ing  A* t o  C by 
- - 
a =  2 
m D d l + m g b  
m A 
(7.7) 
Table 7.1 lists appropriate values of the i n e r t i a  propert ies  of 
bodies A and B f o r  an average man (see Sec. 1.3) holding h i s  legs  
s t r a i g h t ,  with and without five-pound weights i n  his hands. 
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Table 7 .1  
W t h  5- lb .  weights 
Body A 
Body B 
The i n e r t i a  proper t ies  of bodies A and B have been presented i n  
forms su i t ab le  f o r  use with the equations of motion i n  Secs. 6.1 and 6.2. 
For instance,  the cent ro ida l  i n e r t i a  dyadic of  A may be expressed as 
3 3  
i=l j=1 
The i n e r t i a  dyadic o f  B fo r  B* i s  given by 
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(7 0 10) 
* * and - a and a the  pos i t ion  vectors  of 6 r e l a t i v e  to  A and B ~ 
respect ively,  are given by (see Fig. 7.1) 
- b = b b  (7. 12) 
Motion of  arm B relative t o  A may be described i n  terms of three 
u n i t  vectors ,  sA , gB , and h (see Sec. 6 . 2 ) .  Vectors n and n 
a re  p a r a l l e l  t o  ztl and bl ., respect ively,  so t h a t  the angle a between 
them is zero when the arm is held a t  the s ide (see Fig. 7.1) The hinge 
vector 2 must then be p a r a l l e l  t o  the yaw plane and defines the noma1 
to  the torso-fixed plane i n  which the symmetry axis of the arm moves. 
For instance,  when 2 is equal t o  -a3 , the arm's symmetry axis  must 
remain i n  the r o l l  plane. 
-A -B - 
Final ly ,  i t  w i l l  be he lpfu l  i n  the sequel t o  know some of  the iner-  
t ia propert ies  of the system comprised of A and B i n  i t s  quasi-rigid 
s t a t e  (i.e. , when a is zero). Let t ing I1 I2 , I3 denote the cen- 
t ro ida l  pr inc ipa l  moments of i n e r t i a  of the system about axes parallel. 
t o  the yaw, p i t ch ,  and r o l l  axes, respect ively,  one can express 
I2 and I3 as  
I1 
B 2 Il = Dl + 211 + % d2 
I2 = D + 212 B + 2"B% 
2 %+&B 
(7 * 13) 
(7 r 14) 
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I3 = Dg 3. (7.15) 
and I3 for  a man standing a t  a t ten t ion  with, and l ’ I 2 ’  Values for  I 
without, five-pound weights i n  h i s  hands a re  l i s t e d  i n  Table 7.2. 
Table 7.2 
I I 
7.3 Procedure 
A procedure employing the concepts i n  Sec. 5.1 w i l l  now be applied 
to  the following problem: How can one f ind an ana ly t i ca l  expression for  
a as  a function of time t such t h a t ,  i f  a man i s  i n i t i a l l y  spinning 
about h i s  yaw axis and i f  he moves h i s  arm r e l a t i v e  t o  h i s  torso i n  ac- 
cordance with tha t  function, h i s  motion w i l l  be converted i n t o  a spin 
about the r o l l  axis a t  the in s t an t  when h i s  arm re turns  to  h i s  side? 
Essent ia l ly  t h i s  is  a boundary value problem i n  which a , i ts  t h e  deriv- 
a t i v e ,  and the components 
of the torso of the man are prescribed a t  an i n i t i a l  and a t  an, as yet  
“1 > cu2 2 w3 of the i n e r t i a l  angular veloci ty  
unspecified,  f i n a l  time. 
It i s  helpful  t o  designate by no the magnitude of the initial. 
angular ve loc i ty .  Then a non-dimensional time T can be defined as 
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Oo =- 
2TT (7.16) 
and, thus, one non-dimensional time u n i t  is the time required for  the man 
t o  complete one revolution about the yaw axis i n  h i s  i n i t i a l  s t a t e  ~f 
motion. 
(for 'n 
If To represents the i n i t i a l  non-dimensional time and 
reasons which w i l l  soon become apparent) represents the time a t  which 
UJ1 3 N.2 9 14.'3 the arm maneuver terminates,  then the boundary conditions on 
are given a t  TO by 
W1crn)  = W2(Tn) = 0 3 w p n >  = an 
where, i n  view of  angular momentum considerations,  
(7.17) 
( 3  0 IS) 
and I1 and Ig are obtained from Table 7.2. The function ~ ( 7 )  a lso  
must s a t i s f y  boundary conditions which insure t h a t  the man assumes his 
quasi-r igid state a t  and 7, ; i .e.,  
TO 
where the prime denotes d i f f e ren t i a t ion  with respect  t o  
cons t ra in ts  when the arm is at the s ide  or  above the head require,  
roughly, that 
T . Physical 
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(7. 22) 
for  T i n  the open in t e rva l  (T 2 Tn) - 0 
We proceed by computing K(T ) , the k ine t i c  energy a t  T , and 
0 0 
'n 
K(7,) , the desired k ine t i c  energy a t  
(5 .4>7.17)  
- l - 
(5 .4,7.18,7.19)  
(7 23) 
(7 j. 24) 
Next, a ( ~ )  is determined i n  a piecewise manner. As the f i r s t  s tep ,  a 
function y({;r,T) is chosen which s a t i s f i e s  
y(O;I',T) = 0 , y'(O;r,T) = 0 
y(T;r,T) = 0 > y'(T;T,T) = 0 
(7.25) 
(7.26) 
One choice of such a function i s  (see Fig. 7 .2 )  
The parameters 'I' and T control  the amplitude and period, respectively,  
of the pulse shown i n  Fig. 7.2. 
vided 
These can be chosen a r b i t r a r i l y ,  pro- 
o - -  < r 180" (7 c 28) 
i n  order t o  s a t i s f y  Eq. (7.22).  Suppose tha t  values f a r  T' and T , 
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Fig. 7 . 2  
designated 
( 6 . 3 5 ) ,  with a(t> replaced by ~ ( 7 - 7 ~ ;  TI, T1) are integrated for  
and T1 are chosen and the equations of motion ( 6 . 3 3 ) -  
7k 
T~ = T~ + T1 ( 7  .) 29)  
The k ine t i c  energy a t  time 
'rl 
can be calculated using Eq. ( 5 . 4 )  and 
compared t o  K ( T ~ )  and K ( T ~ )  (see ( 7 . 2 3 ) ,  ( 7 . 2 4 ) ) .  I f  the r e l a t ion  
>k 
The computer program, documented i n  Sec. 6 . 3 ,  may be employed 
for  this in tegra t ion  by s e t t i n g  to  obtain the proper rela- 
t ionship between time and in i t i a l  angular rates. The components of 
angular ve loc i ty  pr inted out  by the computer should then be regarded as 
wl(0) = 2TT 
and the time should be regarded as non-dimensional. 
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and T1 can be t r i e d  5 i s  no t  s a t i s f i e d ,  new choices of values fo r  
u n t i l  values are found for  which (7.30) is  s a t i s f i e d .  In most cases, 
rl and T can be found which lead t o  1 some choice of values fo r  
s a t i s f a c t i o n  of (7.30). There are, however, cases i n  which t h i s  is not  
so ,  and t h i s  p o s s i b i l i t y  w i l l  be discussed later. 
With Eq. (7.30) s a t i s f i e d ,  ~ ~ ( 7 ~ )  w2(T1) ~ ~ ( 7 ~ )  become new 
i n i t i a l  conditions a t  a new i n i t i a l  t i m e  T~ . New choices of  I? and 
T , designated 
using y(T - 7 * T ) i n  place of a(t) are integrated fo r  
T~ 5 T < T 
r2 and T , are made and the equations of motion, now 2 
1’ 2’ 2 
where - 2  
T2  = T1 + T2 (7.31) 
The k i n e t i c  energy K ( T ~ )  a t  t i m e  7 i s  compared t o  K ( T ~ )  and K(T,) . 2 
If 
(7’. 32) 
then the values of and T2 are accepted; and i f  (7.32) does not 
hold, new values must be se lec ted  fo r  r2 and T2 . 
2 
This process may be repeated inde f in i t e ly  and, i n  t h i s  manner, a 
series of cycles  of t he  form of (7.27) i s  generated and, a t  the  end of 
each cycle ,  the k i n e t i c  energy i s  brought c loser  t o  
may be terminated a f t e r ,  say, the n- cycle when wl , w2 , w3 are as 
c lose  as desired t o  t h e i r  values i n  (7.18) and 
K(Tn) . The process 
t h  
T~ is  given by 
T = ~ T ~  n 
i=l 
( a .  33) 
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The function a ( ~ )  which i s  the so lu t ion  t o  the problem governed by 
Eqs ( 6 . 3 3 ) -  (6  e 35) and (7 17)- (7 e 22) , i s  
. . * e .  
. s e e .  
. o r . *  
L (7 e 34) 
The solut ion can be specif ied by providing a functional form such as 
and amplitude r. of each 
1 
(7.27) and by tabulat ing the duration 
of the n cycles. 
Ti 
This method of so lu t ion  is also su i t ab le  fo r  problems i n  which the 
i n i t i a l  motion is  one of tumbling ra ther  than spin. I n  f ac t ,  i n  the 
procedure j u s t  discussed, the motion of the man i n  h i s  quasi-rigid state 
pr ior  t o  every cycle of arm motion, except the f i r s t ,  i s  one of tumbling. 
I f  the desired f i n a l  motion is  other  than a simple sp in  about the axes 
corresponding t o  I1 and Ig , however, this.procedure f a i l s  s ince ail 
i n f i n i t e  number of combinations of 
given angular momentum and k ine t i c  energy other than K1 and K3 as 
defined i n  Eqs.  (5.9) and (5.10). 
w1 , w2 , w3 are compatible with a 
Final ly ,  we consider the poss ib i l i t y  t ha t  no choice of values for 
and T w i l l  lead to  an improvement i n  the value of the k ine t i c  energy. 
Such a s i tua t ion  w i l l  always occur when the i n i t i a l  motion of two hinged 
bodies is one of simple sp in  and the r e l a t i v e  motion of the bodies is 
such tha t  the or ien ta t ion  i n  the main body of the pr incipal  axis which 
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i s  o r ig ina l ly  aligned with the angular ve loc i ty  vector remains unchanged. 
I n  t h i s  case, a new form of r e l a t i v e  motion must be chosen. 
example appears i n  Sec. 7.4.) 
(One such 
It is  more probable, however, t h a t  the range of values of r and T 
under consideration is  limited f o r  physical  or  computational reasons 
(e.g., see (7.28)), I n  t h i s  case, i t  may occur t h a t  no values of r 
and 
of the k ine t i c  energy. 
the functional form of y . Often, however, i t  is  simpler t o  set r 
equal t o  zero for  a shor t  time and thus t o  allow the system t o  tumble i n  
i ts  quasi-r igid state, While t h i s  leads to  no change i n  k ine t ic  energy, 
i t  may y ie ld  more favorable i n i t i a l  conditions from which a change in 
energy is  possible i n  the next cycle with a choice of r and T from 
the range of  permissible values. 
T within the permissible range lead t o  improvements i n  the value 
One way to  overcome t h i s  d i f f i c u l t y  i s  t o  change 
7.4 Results 
The procedure described i n  the previous sect ion allows considerable 
leeway i n  the manner i n  which values of r and T a re  chosen. L e t  us 
employ a spec i f i c  algorithm t o  make these choices and consider the problem 
posed i n  Sec. 7.3, assuming, i n  addi t ion,  t ha t  the man i s  holding a five- 
pound weight i n  each hand and tha t  ,h is  equal t o  -a Taking 7, 
equal t o  zero (e.g., i n  (7.17), (7.20) , and (7.23)) and deciding arbi-  
t r a r i l y  t o  set T1 equal to  135 degrees, we can s e l e c t  various values 
for  T between, say, zero and eleven t i m e  un i t s  and can in tegra te  the 
equations of motion for  0 5 T 5 T e The value of T ( to  within 3 -2 
t i m e  un i t s )  which causes K(T) t o  be a minimum w i l l  be designated Tl 
-3 = 
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Thus T1 is found t o  be 2.8 time uni t s .  This process may be repeated, 
and T2 T3 and T4 are found t o  be 2.8, 7.0, and 10.2 time u n i t s ,  
respectively.  The function E(T) representing these four cycles is  
p lo t ted  i n  Fig. 7 .3  and is  presented i n  tabular form i n  Table 7.3. 
Table 7.3 
A t  the conclusion of the fourth cycle of arm maneuver (i.e.,  when 
7 = T4 = 22.8), the  k ine t i c  energy K is  su f f i c i en t ly  close t o  K(T,) 
(see (7.24)), the minimum a t t a inab le  value,  and so n is  taken t o  be 4 .  
I n  Fig. 7.4, K is plo t ted  as a function of 7 and i t  can be seen tha t  
K 
i n i t i a l  motion) which the man can a t t a i n  i n  h i s  quasi-rigid state, to  
decreases from Kp , the  maximum possible value (compatible with the 
K3 , the minimum possible  value. 
T = 9.0 o r  = 18.0) the value of K becomes less than Kg . This 
should not  be construed as contradicting statement (1) of Sec. 5 .1  s ince 
Notice tha t  sometimes (e.g., when 
the remarks regarding the boundedness of K apply only when the system 
is i n  i ts  quasi-r igid state, a s i tua t ion  which occurs only when T is 
less than o r  equal t o  T~ , equal to  T~ T2 or  T3 , and equa 
T4 greater  than 
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-0-b 0 7 .  
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The p l o t  of a as a function of  T i n  Fig. 7 ,3  provides a f a i r l y  
graphic descr ipt ion of the motion of the arm r e l a t i v e  to  the torso. 
Attempts t o  describe the motion of the torso i n  i n e r t i a l  space, however, 
are rendered d i f f i c u l t  by the complexity of the motion. For instance,  
the components of the angular ve loc i ty  of  the torso,  referred t o  an , 
az d3 (see Fig, 7.1) can be p o t t ed  as functions of time. Such a 
graph is  presented i n  Fig. 7.5; and a f i r s t  glance reveals the highly 
osc i l l a to ry  nature  of w I w2 w3 . It i s  possible t o  ver i fy  that the 
boundary conditions ( i .e . ,  E q s .  (7*17)-(7*19)) for  q , wz , w3 are 
indeed sa t i s f i ed ;  when T i s  equal t o  T~ , wl i s  the only non-zero 
component of angular ve loc i ty  and, when T equals T~ , w3 is  non- 
zero and u] and u) are su f f i c i en t ly  c lose to  zero. 1 2 
Perhaps a more helpful  way of i l l u s t r a t i n g  a t t i t u d e  motior. is  t o  
consider a t t i t u d e  var iab les  ra ther  than angular rates. For instance,  
, the  angle between the r o l l  axis of the man and the d i rec t ion  of the or 
( i n e r t i a l l y  fixed) angular momentum vector , is p lo t ted  as a funccion 
of T i n  Fig. 7.6. I n i t i a l l y  is  90 degrees s ince,  a t  the start of 
the maneuver, the yaw axis must be aligned with ,H . Ultimately, or 
becomes 180 degrees, indicat ing tha t  the r o l l  axis is  aligned with - B
r 
but  t ha t  a3 , the  forward-pointing torso-fixed u n i t  vector,  has a sense 
opposite t o  ,H e Thus, i f  the angular momentum vector i s  regarded as 
pointing %pward," then the i n i t i a l  motion is one of  leftward yaw with 
the man i n  an %prightrl posi t ion and the f i n a l  motion is  leftward r o l l  
i n  a "face down" posi t ion.  
Solutions for  a ( ~ )  , generated using the procedures of  Sec. 7.3, 
are by no means unique, and equally acceptable solut ions may be obtained 
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r, 
F i g .  7.5 Angular velocity components as functions of 7 
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0 
.o 
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-4 
-F 
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i *  by modifying the  algorithms governing the choice of the Ti and T 
For example, an a l t e r n a t i v e  function a ( ~ )  which produces the same 
change i n  a t t i t u d e  motion i s  p lo t t ed  i n  Fig. 7.7 and presented i n  tabular 
form i n  Table 7.4. This function was  generated as follows: 
Table 7.4 
For the f i r s t  th ree  cycles ,  the  amplitude was a r b i t r a r i l y  set equal t o  
90 degrees and the  periods between zero and s i x  time un i t s  which led t o  
the  lowest values of K were determined. After the  t h i r d  cycle ,  no 
value fo r  T between zero and six, with r equal t o  90 degrees, would 
lead t o  a reduction i n  K . The amplitude was then a r b i t r a r i l y  set a t  
135 degrees, periods between zero and eleven time u n i t s  were considered, 
6 and two more cycles  were thus obtained. A t  time T~ , no choice of '6 
between zero and eleven, with equal t o  135 degrees,would lead t o  a 
fu r the r  reduction of K . The system was then allowed t o  tumble i n  its 
quasi-rigid state fo r  two time u n i t s  (i.e.,  r, = 0 , Tg = 2.0). Then 
the amplitude was a r b i t r a r i l y  set t o  100 degrees and periods between 
zero and eleven time u n i t s  were again considered, thus leading t o  the 
last two cycles. 
4 4 
r6 
A t  time T~ , the  k ine t i c  energy was s u f f i c i e n t l y  c lose  
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t o  i t s  lowest bound. 
discussed i n  the  last  paragraph of Sec. 7.3. 
This so lu t ion  best i l l u s t r a t e s  the techniques 
Another i n t e r e s t i n g  so lu t ion  fo r  a(7) is graphed i n  Fig. 7.8 and 
tabulated i n  Table 7.5. 
procedure used i n  the so lu t ion  presented i n  Table 7.3; t h a t  is, the ampli- 
tude of the arm motion was a r b i t r a r i l y  set a t  135 degrees and periods be- 
tween zero and eleven time u n i t s  were examined t o  f ind the ones t h a t  l ed  
t o  the  lowest values f o r  K . However, p r i o r  t o  each cycle of  arm motion, 
This so lu t ion  was obtained employing the  same 
the man was required t o  tumble i n  a pos i t ion  of "attention" f o r  one time 
u n i t .  Original ly ,  these one u n i t  t i m e  lapses  were intended t o  simulate 
"thinking time," t h a t  i s ,  time during which the man observed his motion 
and decided what t o  do next. However, these t i m e  lapses  seem t o  lead to ,  
more favorable conditions from which t o  s tar t  the  next cycle i n  t h a t  the 
r e s u l t i n g  arm maneuver can be performed i n  less time and employs shor te r  
periods fo r  the  cycles  than does the  so lu t ion  i n  Table 7.3. 
Table 7.5 
When the same task,  t h a t  of converting yaw motion t o  r o l l  motion, i s  
attempted without the use of the five-pound weights, one f inds t h a t  more 
cycles of arm motion are usually required. For example, Table 9 . 6  presents  
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an eight-cycle so lu t ion  obtained using techniques similar t o  those 
employed i n  generating Table 7 . 3 .  Typically, use of the weights roughly 
halves the t i m e  required t o  obtain the  desired change i n  a t t i t u d e  motion. 
Ti 
Table 7 . 6  
2.0 3 . 6  5.8 8.6 14.0 25.8 31.8 1 4 3 . 0  
It is of i n t e r e s t  t o  know how sens i t ive  these solut ions are t o  
e r ro r s  i n  performance; t h a t  is ,  i f  a man makes a s m a l l  e r ro r  i n  perform- 
ing a cycle of the arm motion, w i l l  the  resu l t ing  a t t i t u d e  motions d i f f e r  
grea t ly  from the desired f i n a l  state of motion? 
suf f ice  t o  ind ica te  tha t  there is  a high degree of s e n s i t i v i t y  t o  e r ror .  
A s ingle  example w i l l  
When the arm motion characterized by Table 7 . 3  i s  performed with a one 
percent e r r o r  i n  amplitude, i .e. ,  i f  rl , r2 r3 , and r4 are taken 
t o  be 136.35 degrees r a the r  than 135 degrees, then 8, can be p lo t ted  
as a function of 7 and compared t o  Fig. 7.6. Such a p l o t  i s  presented 
i n  Fig. 7.9 and, a t  a glance, one can see the marked differences in  a t t i -  
tude motion. Although the behavior of er i n  Fig. 7.9 conforms closely 
t o  of Fig. 7.6 during the f i r s t  two cycles of arm maneuver, the 
Or i s  95.4 degrees ra ther  4 ’  e r ro r  gradually grows u n t i l ,  a t  time 
7 
than 180 degrees. 
w i l l  tumble ra ther  than simply spin,  and 
i n  Fig. 7.9 for  times grea te r  than 
If  the man resumes r i g i d  body motion a t  time T4 , he 
or w i l l  o s c i l l a t e  as depicted 
T4 
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Thus f a r ,  the problem under consideration has been tha t  o f  convert- 
ing yaw t o  r o l l  o r ,  equivalently,  t ha t  of lowering the k ine t ic  energy K 
from K t o  K3 . There is, however, no obstacle t o  consideration of 
the converse problem, t h a t  of r a i s ing  k ine t i c  energy and converiiug r o l l  
to\yaw. A sample solut ion i s  i l l u s t r a t e d  i n  Fig. 7.10 where a and R 
are p lo t ted  as functions of 7 Note that i n i t i a l l y  K equals 
and, a t  time 7 
problem i s  t h a t  it i l l u s t r a t e s  a point made i n  the latter p a r t  of Sec. 
7.3. I n  the present case, the hinge axis un i t  vector 4 (see Fig. 7.1) 
i s  taken equal t o  a so t h a t  the arm moves i n  a plane passing through 
the shoulder and p a r a l l e l  t o  the p i t ch  plane. I f  h were equal t o  -a 
as i n  the preceding examples, the i n i t i a l  r o l l i n g  motion could not  be 
a l t e r ed  because the motions of the ann would not a f f e c t  the or ien ta t ion  
of  the pr inc ipa l  ax i s  of the system which is i n i t i a l l y  aligned with the 
angular ve loc i ty  vector.  
1 
Kg 
K equals K1 . The most in te res t ing  feature  of t h i s  4 $  
-2 
-3 - 
I n  conclusion, although a method for  determining how to use l i m b  
motions to  alter the a t t i t u d e  motion of a human has been devised, one 
must deduce from the preceding examples tha t ,  from a p rac t i ca l  point of 
view, the f e a s i b i l i t y  of t h i s  method, and the poss ib i l i t y  of using limb 
motions a t  a l l ,  appears dubious for  the following reasons: 
(1) The arm motions must be performed with a high degree of  
accuracy. 
(2) The man's i n i t i a l  angular rates must be determined with 
g rea t  accuracy. 
(3) The times required to  obtain the  desired a l t e r a t ions  i n  
a t t i t u d e  motion are r e l a t i v e l y  long, even when weights are used. 
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( 4 )  Extensive numerical. computations a re  involved. 
(5) The maneuvers can not  be learned p r io r  t o  the time when 
they are needed because each set of i n i t i a l  conditions 
requi res  a d i f f e r e n t  maneuver. 
It may occur to  the reader t h a t  some maneuver, other than swinging 
one arm, may lead to  more acceptable solut ions.  
considered as an a l t e rna t ive ,  but it is  less e f f ec t ive  than thz arm be- 
cause physical cons t ra in ts  l i m i t  the angles through which i t  can be 
moved. Other maneuvers, possibly involving the use o f  several  limbs 
simultaneously or  bending a t  the wais t ,  have not  been considered for 
two reasons. 
complicates the equations of motion and enlarges the parameter space 
explored i n  the t r ia l -and-error  procedure of Sec. 7.3; and secondly, a 
more complex maneuver would be d i f f i c u l t  t o  perform accurately.  
I n  f a c t ,  the leg  was 
F i r s t l y ,  the introduction of more degrees of freedom both 
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8. Symmetric Two-Body Satell i te 
8.1 Description 
While it does not  appear to  be feas ib le  for  a man t o  control  h i s  
ro t a t iona l  motion by means of limb maneuvers, the underlying pr inciples  
can be successfully applied t o  control  the a t t i t u d e  motions of multi-body 
a r t i f i c i a l  satellites. In  pa r t i cu la r ,  when a satel l i te  possesses an axis 
of symmetry i n  i t s  quasi-r igid state, the remarks i n  Sec. 5.2, concerning 
the re la t ionship  of the s t a t e  of motion t o  the angle CP between the sym- 
metry axis and the d i rec t ion  o f  the angular momentum vector,are appli- 
cable. For example, i n  some space missions i t  is  required only tha t  the 
satell i te spin about i ts  symmetry ax i s ,  regardless  of the or ien ta t ion  of 
t ha t  axis i n  space. 
t ha t  is, one of converting the i n i t i a l  motion (i.e., 
simple spinning motion i n  which the symmetry axis and the angular momen- 
tum vector are aligned (i.e.,  cp = 0 ). 
scheme i s  w e l l  su i ted  for  such missions. 
The primary control  problem is  then one of "capture," 
cp j :  0 1 in to  a 
The present a t t i t u d e  control  
As an example, we consider a system comprised of a so l id ,  uniform, 
r igh t -c i rcu lar  cylinder A t o  which i s  attached a pendulum B consist-  
ing of a r i g i d  "masslesst1 rod a t  whose t i p  i s  placed a p a r t i c l e  (see 
Fig. 8.1) of m a s s  m . The pendulum has a length L and i s  hinged to  
the center  of one face of A about a diametral l i n e  D . Cylinder A 
has a radius  L , a height L , and a mass 1Om . It is assumed tha t  B 
can be driven r e l a t i v e  t o  A i n  a prescribed manner; t ha t  i s ,  the angle 
a between B and the symmetry axis S of A can be prescribed as a 
P 
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Fig .  8.1 Symmetric two- body sa te l l  i t e  
- 
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function of time; a i s  zero when the system moves i n  i t s  quasi-r igid 
state. The angle cp between S and the ( i n e r t i a l l y  fixed) angular 
momentum vector H is  a l so  shown i n  Fig. 8.1. - 
For t h i s  system, the control  problem i s  to  find how t o  vary a as 
a function of time, and ult imately r e s to re  i t s  value t o  zero, i n  such a 
manner t h a t  an a t t i t u d e  motion i n  which 
converted to  a motion i n  which 
the i n s t a n t  t h a t  the value of a re turns  to  zero. Some appropriate 
time h i s t o r i e s  fo r  a are presented i n  Sec. 8.3; but ,  f i r s t ,  some ana- 
l y t i c a l  aspects of the problem are considered. 
cp 
cp becomes zero (or 180 degrees) a t  
i s  i n i t i a l l y  ncn-zero i s  
8.2 Analytical  Aspects 
Appropriate equations of motion for  thissystemhave been derived i n  
B Secs. 6 . 1  and 6 . 2  and can be used once elements of e IA and 2 
ponents of 3 and - b , as defined by Eqs. (6 .16) ,  (6.36),  (6.57), and 
(6.58),  have been obtained. ( SA and rB are the centroidal  i n e r t i a  
dyadics of A and B ; and - a and b are the posi t ion vectors  from 
the mass centers  of A and B , respect ively,  t o  the hinge point.)  
Lett ing ga 9 -a2 9 -3 a be mutually perpendicular u n i t  vectors fixed in 
A , with al p a r a l l e l  t o  S and a p a r a l l e l  t o  D , and l e t t i n g  b 
and b3 be perpendicular u n i t  vectors  fixed i n  pendulum B with I+ 
p a r a l l e l  t o  the rod (see Fig. 8.1) , one can express rA , 2 
and com- 
-3 -1 
B , 5 and 
b as - 
2 10 2 10 2 x A = 5 d  g l a l + ? ; - ~  a 2 + - m ~  -3 a -3 a - -2 2 3 
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- 2 21 2 - b = L ’ b p  (8 0 3) L a = - -  
% Moreover, the u n i t  vectors  h and fixed i n  A , and h and 
fixed i n  3 
angle through which B ro t a t e s  r e l a t i v e  t o  A (see Sec. 6.2) can be 
chosen as 
- - 
which r e f l e c t  the or ien ta t ion  of the hinge and define the 
n = a  n = b  -A -1 ’ -B -1 
It w i l l  be helpful  i n  the sequel to  know the moments of i n e r t i a  of 
Applying the p a r a l l e l  axis the e n t i r e  system i n  i t s  a s i - r ig id  state. 
theorem fo r  moments of i n e r t i a ,  
moments of i n e r t i a  for  the al , a2 , , -3  a 
found to  be 
Il , I2 , I3 , the centroidal  pr inc ipa l  
d i rec t ions ,  respectively,  are 
( 8 . 6 )  
1 1 = 5 m L  2 
2 3c2 = I3 = 5.379 mL (8.7) 
Note t h a t ,  i n  this pa r t i cu la r  example, the moment of i n e r t i a  of the quasi- 
r i g i d  system about S i s  the system’s minimum centroidal  moment or” iner- 
t ia ,  whereas the moment of i n e r t i a  of the cylinder A about S is  the 
cyl inder’s  maximm. 
the system t o  a spinning motion about S 
tem’s k ine t i c  energy to  i t s  upper bound. 
Furthermore, conversion of some i n i t i a l  motion of 
corresponds t o  r a i s ing  the sys- 
It i s  convenient to non-dimensionalize time i n  the following manner: 
F i r s t ,  the magnitude of the angular momentum can be determined from 
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"1 ' "2 ' "3 , the components of the angular .veloci ty  of A 
the a1 3 sf2 9 -3 a 
quasi-r igid s t a t e ,  i .e . ,  
referred to  
d i rec t ions ,  a t  any in s t an t  when the system is i n  i t s  
(5.33.7) 
Next, the magnitude 0 of the angular ve loc i ty  which the system would 
possess i f  i t  were simply spinning about i ts  symmetry ax is  is given by 
I "I 
I1 
0 = -  
and, f i n a l l y ,  a non-dimensional time var iab le  T is def imd as 
SZt 
T == (8AO) 
so  t h a t  the system w i l l  perform one revolution per time un i t  when spin- 
ning about i t s  axis of symmetry. Moreover, as  I 2  equals Ig (see 
Eq,  (8.7)), cp i s  given by 
"1 a r c  cos - - 0 O _ < ( P - S = ~  Cp 
(5.14,8.8,8.9) 
We now wish to  determine a function a(T;cpo) which w..'El lead t o  
(8.11) 
capture of the s a t e l l i t e  when the i n i t i a l  motion i s  one i n  i&ich cp has 
the value cp . Since cp remains constant as  long a s  the r i g i d  body 
motion of the satel l i te  p e r s i s t s ,  one can wait t o  begin the motion of 
0 
3 
r e l a t i v e  to  A u n t i l  some e a s i l y  recognized, convenient s t a r t i n g  condi- 
t ion  is reached. 
(other than 0 , 90 , or 180 degrees), the hinge axis  D psses  periodi- 
cally through the plane determined by S and - H (see Fig. 8.1), a t  wXch 
More spec i f i ca l ly ,  regardless of the val:ie sf cp 0 
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ins tan ts  w2 equals zero. Moreover, wl , the  angular ve loc i ty  compo- 
nent p a r a l l e l  t o  the symmetry axis, must remain constant while, a t  the 
in s t an t s  when m2 is  zero, 
than zero. Consequently, a convenient s t a r t i n g  time for  the relative 
motion can be taken to  be the in s t an t  when w is zero and when u) is, 
say, grea te r  than zero. 
i s  a l t e rna te ly  greater  than o r  less w3 
2 3 
Fina l ly ,  a t r ia l -and-error  procedure analogous t o  t h a t  described i n  
Sec. 7.3 is used t o  obtain functions for  a which convert the i n i t i a l  
motion to  a simple spin.  
i n  k ine t i c  energy, can be used as criteria for se lec t ing  the parameters 
I? and T which denote the amplitude and period, respect ively,  of the 
function y({;r,T) (see Eq. (7.27)) which i s  chosen t o  represent one 
cycle i n  the t i m e  h i s to ry  of a(T;(po) . For t h i s  pa r t i cu la r  system, we 
require  a , and hence I' , to  be bounded between -90 and 90 degrees so  
tha t  the pendulum w i l l  no t  pass through the face of  the cylinder.  
a l so  proves advantageous to  employ algorithms for  the choice of 
and T which d i f f e r  from those described i n  Sec. 7.4 by allowing more 
l a t i t u d e  i n  finding the most advantageous values of I? and T for  each 
cycle. 
I n  t h i s  procedure, changes i n  cp , r a the r  than 
It 
r 
8.3  Results 
We now turn t o  consfderation of time h i s t o r i e s  of a which are 
appropriate for  use with given i n i t i a l  conditions. 
graphs of a and CP as functions of T fo r  the case where T~ is  
zero 
posi t ive,  and cpf the f i n a l  value of cp , i s  zero. A most welcome 
Fig. 8 .2  contains 
is 60 degrees, w2(To) i s  zeroI ~ ~ ( 7 ~ )  and w3(To) are 
TO 
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2 
Fig. 8.2 Reduction of ep from 60" t o  0" 
r e s u l t  i s  immediately observed, namely,that only one cycle of control  I 
motion i s  required,  and t h a t  cycle has a period T of only 1.6 time 
uni t s .  Furthermore, cp changes from cp0 t o  qf i n  a monotonic fashion. 
I n  these two respects ,  the graphs i n  Fig. 8.2 are typical  of t i m e  his to-  
ries of a and cp for  values of cp between 0 and 90 degrees when the 
choice of i n i t i a l  conditions is made i n  the above manner and a is  of 
the form of y(s;r ,T) i n  Eq. (7.27). 
0 
Values fo r  the amplitude r and period T for  several selected 
values of cp 
two possible  i n i t i a l  conditions, i.e., 
than zero. Note t h a t  the s ign of I' var i e s  with the choice of i n i t i a l  
condition, but  T i s  unaffected. Moreover, a time his tory  of a appro- 
p r i a t e  for  an angle cpo is a l so  appropriate for  the supplement of cp . 
Table 8.1 a l so  lists the resu l t ing  value of 
when cp i s  less than 90 degrees and being 180 degrees when cp i s  
grea te r  than 90 degrees. 
between 0 and 180 degrees are presented i n  Table 8.1 for  
0 
~ ~ ( 7 ~ )  less than zero and greater  
0 
(pf .) t h a t  value being zero 
0 0 
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Table 8.1 
r 
T 'pf 
5" I 0.996 19 " I -19* 0" 0.36 
55" I - 55" 0.26 0" 
80" I - 80" 0.40 0" 
0.60 0" 
1.00 0" 
1.60 0" 
2.62 
3.88 0" 
3,88 180" 70" -70" 
67" -67" 
7 3" -73" 
79" -79" 
2.62 180" 
180" 1.60 
1.00 180" -0.707 
-0.866 0.60 180" 84" I - 84" 
80 " I - 80" 0.40 180" -0.940 
-0.985 55 " I -55" 180" 
180" 
0.26 
0.36 175" I -0.996 19" I -19" 
The case when (p, equals 90 degrees requires  spec ia l  consideration. 
i s  zero and w and w remain constant a s  bong as 
Unfortunately, the i n i t i a l  condition employed thus 
"1 2 3 I n  t h i s  event, 
the system i s  r ig id .  
f a r ,  i .e . ,  w (7 ) 
any motion of the pendulum r e l a t i v e  to the cylinder about 
equal t o  zero, may not  occur and, i f  it does, then 
f a i l s  t o  
2 0  
D 
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misalign the pr inc ipa l  axis which i s  i n i t i a l l y  p a r a l l e l  t o  the angular 
ve loc i ty  vector of the system and, thus, no change i n  the state of motion 
can be obtained. Now, when cp is 90 degrees and u) (7 ) is non-zero, 
a d i f f e ren t  function f o r  
values of ~ ~ ( 7 ~ )  and ~ ~ ( 7 ~ )  . As an i l l u s t r a t i v e  example, Fig. 8 . 3  
contains appropriate time h i s t o r i e s  of a and 'p for  the case when cp 
is 90 degrees, ~ ~ ( 7 ~ )  is i n i t i a l l y  zero, and ~ ~ ( 7 ~ )  i s  posi t ive.  
0 2 0  
a must be obtained fo r  each combination of 
0 
Two addi t ional  points  regarding the nature of t h i s  system should 
be made. F i r s t ,  any function y(s;l?,T) which s a t i s f i e s  Eqs. (7.25) 
and (7.26) may be used i n  the tr ial-and-error procedure by which appro- 
p r i a t e  values of r and T are determined. For instance,  taking y 
to  be 
y = r s i n  3 3  n T  (8.12) 
9 0' 
6 0'
30' 
O0 
0 2 4 6 
Fig. 8 . 3  Reduction of cp from 90" t o  0" 
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and seeking values of I' and T to  reduce ~p from 60 degrees to  zero, 
when i n i t i a l l y  w (T ) i s  zero and w (T ) i s  pos i t ive ,  we obtain the 
time h i s t o r i e s  for  a and 9 shown i n  Fig. 8 . 4 .  Comparing these time 
h i s t o r i e s  t o  those i n  Fig. 8.2 which were obtained using the function 
of Eq. (7.27), we see t h a t  small changes i n  the form of 
s ign i f i can t  changes i n  values for  r and T . Here r and T a r e  
80 degrees and 1.73 time u n i t s ,  respect ively,  whereas i n  Fig. 8.2, r 
i s  73 degrees and T i s  1.60 time un i t s .  The f a c t  that y does not  
have to  be of a spec i f i c  form may be expected to  prove helpful  i n  the 
design of hardware. The second point  t o  be made is t h a t  any value of 
2 0  3 0  
y I 
y can lead to  
i n  addi t ion to  0 and 180 degrees, can be obtained. For instance,  Cpf ' 
Fig. 8.5 contains time h i s t o r i e s  of and 'p during which ~p i s  re- 
duced from 60 to  30 degrees. I n  t h i s  case, the form of y is  given by 
Eq. (8.12) where r is 38.1 degrees and T i s  2 time uni t s .  
8 .4  F e a s i b i l i t y  
Turning from spec i f i c  examples to  questions of p rac t i ca l  f eas ib i l -  
i t y ,  we note ,  f i r s t ,  t h a t  i t  is  possible  to  surmount the drawbacks men- 
tioned i n  Sec. 7.4 which precluded the p o s s i b i l i t y  of having a man con- 
t r o l  h i s  a t t i t u d e  motions by means of limb motions. For instance,  from 
Table 8.1 it is evident t h a t  the times required for  the control  motions 
may be reasonably shor t  and t h a t ,  for  appropriate choices of i n e r t i a  
propert ies  and i n i t i a l  conditions,  only one cycle of control motion needs 
to  be performed. The angular rates of the satell i te,  
which are required as inputs t o  the cont ro l  system, may be obtained with 
reasonable accuracy from an inertial  navigation system consis t ing of a 
w1 , u2 , w3 , 
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0 2 
3 7  
Fig. 8.4 Reduction of rq from 60" t o  0"  when a = I' s in  
0 
Fig. 8.5 Reduction of cp from 60" t o  30" 
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s t ab le  platform which i s  gimballed t o  the satell i te body. 
t ion  systems are cur ren t ly  avai lable  (e.g. see [;G5]). Furthermore, 
Such naviga- 
motion of the pendulum can be guaranteed t o  conform t o  the function 
by choosing for  the form of 
b i l i t i e s  of  the ac tua l  hardware being employed. 
y 
an expression which r e f l e c t s  the capa- y 
It may appear t ha t  the  present a t t i t u d e  control  scheme requires  
extensive on-board computational f a c i l i t i e s .  
t rue.  
desired value of  cp i s  known, a catalog of functions a(l-;cp0) su i t -  f 
able  fo r  use with pa r t i cu la r  values of 
a l l  p r io r  t o  launch. 
i n  the catalog for  a satell i te which i s  ul t imately t o  spin w i t h  
t o  e i t h e r  0 or  180 degrees. When the vehicle  is i n  o r b i t ,  SE need be 
determined only once from Eqs. (8.8) and (8.9); and 
calculated from Eq. (8.11); both of these computations require  only 
simple algebraic  operations involving the moments of i n e r t i a  (e.g., see 
This i s  not necessar i ly  
For example, i n  the case of a symmetric vehicle fo r  which the 
cp can be compiled once and for  
For example, the en t r i e s  i n  Table 8.1 might appear 
0 
(pf equal , 
(9, 
can then be 
Eqs. (8.6) and (8.7)) and the instantaneous values of w 1 s w2 9 w3 5 
and the required time h is tory  for  
without fur ther  computation. Should unavoidable non-rigidity of the 
system lead t o  later deviations of the motion from one of simple spin,  
i t  is only necessary t o  recompute cp 0 (or perhaps only ) and again 
determine the appropriate control  motion from the catalog. 
s i b i l i t y  is t h a t  the assumption of f r ee  f a l l  w i l l  be inval id  i n  t h a t  
unforeseen external  torques might a c t  on the system, a l t e r i n g  both the 
magnitude and d i rec t ion  of g . 
a l l y ,  o r  should they be su f f i c i en t ly  small, the system could recompute 
SZ and 'p and cor rec t  i t s  motion repeatedly. 
a may be selected from the catalog 
Wl 
Another pos- 
Should these torques act only occasion- 
0 
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An addi t ional  desirable  feature  of t h i s  a t t i t u d e  control  scheme, 
applicable t o  general as w e l l  as  symmetric satellites,is t h a t  energy 
requirements may be kept qu i te  low. Letting K ( T ~ )  and K(T,) denote 
the k ine t i c  energy of the system i n  the i n i t i a l  and f i n a l  states of 
motion, respect ively,  then the t o t a l  energy required is 
a quant i ty  which depends on (1) the design of the satell i te,  (2) i t s  
i n i t i a l  motion, and (3) the desired f i n a l  a t t i t u d e  motion. Recalling 
K(.rn) - K ( T ~ )  , 
t h a t  Il and I3 represent the minimum and maximum centroidal  pr incipal  
moments of i n e r t i a  of the quasi-r igid system, respect ively,  and t h a t  
a and a are p a r a l l e l  t o  the corresponding pr inc ipa l  d i rec t ions ,  -1 -3 
suppose t h a t  the desired f i n a l  a t t i t u d e  motion i s  t o  be simple spin 
about the a direct ion.  Then 4 3  , the upper bound on the energy re- 
quired t o  convert any i n i t i a l  motion t o  simple sp in , i s  given by 
-1 
n 
LB = =  HL (11; - i;) 1 
2 
(8.13) 
( i .e. ,  by 5 - K3 where K and K3 are given by Eqs .  (5.9) and 1 
(5.10)). 
d i rec t ion .  I f  the satel l i te  i s  inser ted in to  o r b i t  with the same angular 
This energy cos t  is  associated with i n i t i a l  spin about the a -3 
momentum and with any other a t t i t u d e  motion, %hen the cos t  is reduced. 
Clear ly ,  energy cos ts  can a l so  be reduced by releasing the sa te l l i t e  
with as l i t t l e  angular motion as possible,  thereby keeping _H2 s m a l l .  
F ina l ly ,  by designing the satel l i te  so  t h a t  I1 and I are near ly  
equal (i.e., i f  the i n e r t i a  e l l i p so id  of the quasi-r igid satell i te i s  
3 
near ly  spherical)  the energy cos ts  may be kept low. 
On the other hand, It is  more probable tha t  the desired f i n a l  motion 
w i l l  be spin about the a3 direct ion.  Then (electrical) energy may be 
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generated r a the r  than expended. This generated energy cannotexceed AE of 
Eq. (8.13), and the remarks concerning i n i t i a l  motion and design apply 
i n  reverse.  
difference between Il and I3 w i l l  increase the energy acquired when 
the control  system alters the a t t i t u d e  motion t o  spin about the 
d i rec t ion  
For instance,  designing the satel l i te  t o  obtain a large 
53 
I n  conclusion, it may be of  i n t e r e s t  to  compare the a t t i t u d e  con- 
t r o l  scheme under consideration t o  other avai lable  systems. 
versatile ac t ive  control  systems employ gas jets and are thus capable of 
a l t e r i n g  the magnitude and d i rec t ion  of angular momentum t o  achieve a 
desired or ien ta t ion  as well as a desired a t t i t u d e  motion. 
systems are e s sen t i a l  fo r  missions with precise  a t t i t u d e  requirements, 
but  must car ry  a fuel supply and therefore  have a l imited l i f e .  
generally a l so  require  some onboard computing capabi l i ty .  
The most 
These gas j e t  
They 
A second class of ac t ive  control  systems employ control  moment 
gyroscopes o r  react ion wheels. Without the use of gas jets, these sys- 
t e m s  cannot alter t h e i r  angular momentumo vector and therefore are su i t -  
able  for  the same missions as i s  the present ac t ive  a t t i t u d e  control  
system. 
t ion,  nevertheless these systems are widely used, of ten i n  conjunction 
with a gas j e t  system, because t h e i r  feedback control  feature  provides 
prompt elimination of nutat ion.  
t iona l  f a c i l i t i e s  and a power supply for  the motors which dr ive the 
ro t a t ing  pa r t s .  
Although gyroscopes and reac t ion  wheels are subject t o  satura- 
These systems a l so  require  some computa- 
F i m l l y ,  there are passive d iss ipa t ive  control  systems. 
these employ pendulous dampers and therefore  seem t o  resemble the present 
ac t ive  control  system. 
Some of 
However, these two a t t i t u d e  control  schemes d i f f e r  
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from each other i n  four major respects .  
be used to  produce spin about the axis of minimum moment of i n e r t i a ,  
whereas t h i s  is readi ly  possible w i t h  the ac t ive  method as shown i n  
Figs. 8.2 and 8 . 3 .  Secondly, a passive damper does not possess the 
capabi l i ty  of obtaining non-zero values of cp f 
lead t o  such a r e s u l t  as i l l u s t r a t e d  i n  Fig. 8.5. Thirdly, the time 
required t o  obtain the desired objective can be expected t o  be substan- 
t i a l l y  greater  for the passive device than for  the ac t ive  one. ,This 
becomes clear i n  view of the f a c t  t h a t  Table 8.1 contains e n t r i e s  which 
lead t o  elimination of nutat ion i n  times less than the time conwmed by 
only four ro ta t ions  of the system about i ts  axis of symnetry. 
fourthly,  i n  a d iss ipa t ive  device, k ine t i c  energy i s  converted t o  heat,, 
whereas, i n  the active system, i t  may be possible t o  convert the k ine t i c  
energy to  more r ead i ly  usable electrical energy. 
F i r s t l y ,  a passive damper cannot 
, but  ac t ive  control. can 
.And 
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9 I) Conc Ius ion 
9.1 Changes i n  Orientation 
Although de ta i led  conclus-ms have been drawn i n  each of the pre- 
ceding chapters,  it may be helpful  to  sunrmarize them b r i e f ly .  
A number of inves t iga tors  have studied limb maneuvers which lead 
t o  changes i n  the or ien ta t ion  of the torso of a man who i s  i n i t i a l l y  
without ro t a t iona l  motion. 
posed maneuvers without attempting to  gauge t h e i r  effect iveness ,  others  
developed complex equations of motion, but  drew no conclusions, and s t i l l  
others  analyzed maneuvers which are physically impossible. 
t i c a l l y  feas ib le  maneuvers have been analyzed cor rec t ly ,  but enough gaps 
have remained so t h a t  it has been impossible to  thoroughly i n s t r u c t  an 
astronaut  i n  se l f - ro t a t ion  techniques. 
However, some of these invest igators  pro- 
A few prac- 
Numerical r e s u l t s  from the present analyses show tha t  s ign i f i can t  
p i t ch ,  yaw, and r o l l  reor ien ta t ions  can be achieved by employing the 
maneuvers under consideration. 
obtain about 30 degrees of e i t h e r  p i t ch  or  yaw, and about 20 degrees of 
r o l l ,  per cycle of such a maneuver. 
i can t ly  enhances the effect iveness  of the p i t ch  and r o l l  maneuvers, but 
adds l i t t l e  to  the effect iveness  of the yaw maneuver. However, the legs 
a r e  highly e f f ec t ive  i n  yaw,producing ro ta t ions  of about 70 degrees per 
cycle.  
s t a r t i n g  posi t ions,  the precis ion required i n  locat ing the cone axes 
cor rec t ly ,  and the interference between the knees and the arms when the 
By using h i s  arms, the average man can 
The use of hand-held weighrs s ign i f -  
Final ly ,  the asymmetries involved i n  moving the arms t o  the 
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legs are tucked a l l  tend to  make the r o l l  maneuver less desirable  than 
the other two. 
yaw-pitch-yaw sequence when he wishes t o  acquire a general reor ientat ion.  
It is  suggested, therefore ,  t h a t  an astronaut perform a 
9.2 Changes i n  Att i tude Motion 
The poss ib i l i t y  of a l t e r i n g  a t t i t u d e  motions by means of prescribed 
cyc l i ca l  relative motions of the p a r t s  of a system has been recognized 
for  a long time. 
suitgrble r e l a t i v e  motions. 
What remained t o  be done, was  the determination of  
From a dynamical point  of view, the problem of converting a general 
a t t i t u d e  motion of a quasi-rigid body t o  a simple spin corresponds t o  
bringing the k i n e t i c  energy associated with the ro t a t iona l  motion of the 
quasi-r igid system t o  e i t h e r  i t s  upper or  lower bound. 
which employs a t r ia l -and-error  technique can be used to  ana ly t ica l ly  
determine r e l a t i v e  motions which br ing a system "suf f ic ien t ly  close" t o  
the desired f i n a l  state of motion. The computations involved i n  t h i s  
process, even fo r  a system of only two bodies with one degree of freedom 
of r e l a t i v e  motion, are lengthy and complex, and invariably require  high- 
speed computational f a c i l i t i e s .  
An algorithm 
I n  the case of a man swinging one arm, time and accuracy require- 
ments, i n  addi t ion t o  computational d i f f i c u l t i e s ,  suggest t h a t  he cannot 
e a s i l y  learn  t o  control  h i s  ro t a t iona l  motion while s t i l l  returning t o  a 
pos i t ion  of "attention." Nevertheless, such control  is  possible i n  
pr inc ip le ,  and i t  may be advantageous for  sa te l l i te  a t t i t u d e  control  
systems to  exp lo i t  these same principles .  
favorable symmetry and i s  equipped with accurate rate sensors, r e l i a b l e  
When a satell i te has a 
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servo-mechanisms, and minimal computational f a c i l i t i e s ,  i t  can, indeed, 
control  i t s  a t t i t u d e  motion by dr iving one of i ts  appendages and u l t i -  
mately returning t h a t  appendage t o  i t s  i n i t i a l  r e l a t i v e  posi t ion.  For 
ce r t a in  space missions, pa r t i cu la r ly  those with minimal pointing require- 
ments and long l i f e t imes ,  the proposed control  system may become prac- 
t i c a l l y  useful a 
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A. Appendix 
A.l Tables of Inertia Properties 
Table A.l 
Inertia Properties for a - Nine-Segment Model of the USAF 5th - Percentile Man 
(Refer to Fig. 1.1 and Table 1.1.) 
Segment 
B1 
i m i 
1.231 
0.1058 1 0.01347 
0.419 0.0564 -t- 0.261 0.0517 
I i 1 Izi 
Y 
1.157 0.1733 
0.01347 0.00072 
0.0564 0 01055 
0.0550 0.00570 
1.539 8.578 
0.914 0.368 
0.992 0.550 
1.333 0.637 
s = 0.244 2 s1 = 0.595 
Total mass = 4.11 
(All lengths in feet, masses in slugs, and moments of inertia in slug-feet .) 2 
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Table A.2 
I n e r t i a  Propert ies  for  a Nine-Segment Model of -he USAF 25th Percent 
(Refer t o  Fig. 1.1 and Table 1.1.) 
-
Segment I mi I I , ~  I I i  
B2,BZ' I 0.1409 I 0.01472 I 0.01472 
B5,B5' I 0.297 I 0.0639 I 0.0677 
0.217 
0.00155 
0 e 00090 
0.01358 
~- 
0.00691 
s = 0.636 1 s = 0.248 2 
Total mass = 4.62 
Li 
1.510 
0.935 
1.032 
1.467 
~~ 
1.333 
di 
le Man 
~. 
0.368 
0.564 
0.755 
___ 
0. 709 
2 
( A l l  lengths i n  feet, masses i n  s lugs,  and moments of i n e r t i a  i n  s lug-feet  .) 
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Table A. 3 
Inertia Properties for a Nine-Segment Model of the USAJ? 75th Percentile man 
(Refer to Fig. 1.1 and Table 1.1.) 
-
s = 0.258 2 s = 0.696 1 
Total mass = 5.48 
2 (All lengths in feet, masses in slugs, and moments of inertia in sfug-feet .> 
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Table A. 4 
Inert ia  Properties for a Nine-Segment Model of Le USAF 95th Percenti le  Man 
(Refer to  Fig.  1 . 1  and Table 1 .1 . )  
_.) - 
s = 0.264 2 s1 = 0.749 
Total mass = 6.24 
2 ( A l l  lengths i n  feet, masses i n  slugs, and moments of iner t ia  in s lug- fee t  .) 
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Table A.5 
I n e r t i a  Proper ties 
I m i  Segment 
B1 I 2.30 
B2,B2' 1 0.225 
B3,B3' I 0.680 
I n e r t i a  Propert ies  
for a Five-Segment Model of  the  USAF 5th  Percent i le  Man 
(Refer t o  Fig. 1.2 and Table 1.3.) 
- -
s = 0.595 s2 = 0.244 1 
Total mass = 4.11 
Table A.6 
for  a --Segment Model of the  US@ 25% Percent i le  Man 
(Refer t o  Fig. 1.2 and Table 1.3.) 
s = 0.248 2 s = 0.636 1 
Total mass = 4.62 
2 (All lengths i n  f e e t ,  masses i n  slugs,  and moments of i n e r t i a  i n  slug-feet .> 
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Table A.7 
I n e r t i a  Propert ies  fo r  a Five-Segment Model of the USAF 75th Percent i le  Man 
(Refer t o  Fig. 1 .2  and Table 1.3.) 
-I_ 
s = 0.258 2 sl = 0.696 
Total mass = 5.48 
Table A:8 
I n e r t i a  Propert ies  for  a - Five-Segment Model of the USAF 95th - Percent i le  Man 
(Refer t o  Fig. 1.2 and Table 1.3.) 
s = 0.264 2 s1 = 0.749 
Total mass = 6.24 
2 ( A l l  lengths i n  f ee t ,  masses i n  s lugs,  and moments of i n e r t i a  i n  slug-feet .) 
- 165- 
A.2 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
c 
Subrou t ines  BODIES,  I N T R N L  T UOBOD, and D F E Q S l  
SUBROUT I NE BOD I ES 
T H  I S SUBROUT I NE READS I td THE I NERT I A PROPERT I ES AI4D DETEi i i * i  I I iES  
THE VALUES STOKED I N NAMED COF;MOId /BODBLI(/ AND / I IJTBLK/  
comiori BLOCKS 
COMMON / BODGLK/ A, blb‘i, t4Bt4 
COIr’ll4ON / I N T B L K /  Dll,D12,D13,D21,D22,D23,U31,U32,D32,D33, 
1 E l l ,  E12, E13, E21,  E22,  E23,  E3 l ,E32,  E33, 
2 Fll,F12,F13,F21,F22,F23,F310F32,F33, 
3 
4 
INERTIA PROPERTIES A R E  READ I N  or4 FOUR CARDS AS F O L L O W  
CARD (1): F 0 RM A T ( 7 F I 0 . 3  1 : 
A ( l , l ) ,  A(2 ,2) ,  A (3 ,3 ) ,  A (1 ,2 ) ,  A(1 ,3) ,  A (2 ,3 ) ,  LA 
A IS I I d E R T I A  D Y A D I C  OF ECDY A FOR A*  
l f A  IS MASS OF BODY A 
CARD (2): FOHEIAT ( 3 F 1 0 . 3 ,  2X, 6 F 8 . 3 ) :  
A l ,  A2, A3, P11, P12, P13, P31, P32, P 3 3  
(A l ,A2 ,A31  I S  P O S l T l O R  VECTOR OF H I N G E  C R E L A T I V E  TO A *  
( P l 1 0 P 1 2 , P 1 3 )  I S  U N I T  VECTOR HA P A R A L L E L  TO THE C I l i v G E  
( P 3 1 0 P 3 2 , P 3 3 )  I S  U N I T  VECTOR NA NOKI4AL TO THE H I N G E  
CARD ( 3 ) :  FOKWAT ( 7 F 1 0 . 3 ) :  
1811, I B 2 2 ,  1333, 1812,  I B 1 3 ,  I B 2 3 ,  M B  
I B  IS I N E R T I A  D Y A D I C  OF B FOR B*  
MI3 IS RASS OF BODY B 
CARD ( 4 ) :  FORMAT ( 3 F 1 0 . 3 ,  2X, G F 8 . 3 ) :  
B1, 82, B3, Q11, 9 1 2 ,  413, 431, 432 ,  (133 
( B l , B 2 , 3 3 )  I S  P O S I T I O N  VECTOR OF H I N G E  C RELATIVE Tu E* 
( Q l l , Q 1 2 , Q 1 3 )  I S  U N I T  VECTOR HB PARALLEL TO THE H I N G E  
( Q 3 1 0 Q 3 2 , Q 3 3 )  I S  U N I T  VECTOR NB NOHkiAL TO TtiE H I N G E  
READ (5 ,110,  END=200, E R H = 2 0 0 )  A (  1,1), A (  2,2), A (  3,3), A (  1,2 1 , 
KEAD (5,120, END=200, ERfZ=2OO) A1 ,Az0A3 ,  P11, P12, P13, P31, P32,  P 3 3  
READ (5 ,120,END=200,ERR=200)  B10B2,E3,  Q110Q12,Q13,  U31,432,Q33 
1 A(1,3) ,  A (2 ,3 ) ,  MA 
READ (5 ,110,  END=200, E R R = 2 0 0 )  I a l l ,  1 8 2 2 ,  I B 3 3 , I B 1 2 ,  I B13 ,1823 ,  t t ; i 3  
F ORNATS 
1 1 0  FORMAT ( 7 F 1 0 . 3 )  
1 2 0  FORMAT ( 3 F 1 0 . 3 ,  2X, G F 8 . 3 )  
C 
-166- 
c, WR I T E  I NPUT 
K K I T E  ( 6 , 1 5 0 )  ( A ( 1 ,  I ) ,  1=1,3), MA, A ( L , 2 ) , A ( Z 0 2 ) , A ( 2 , 3 ) ,  A (1 ,3 ) ,  
1 A(2 ,3 ) ,A (3 ,3 ) ,  A l , P l l , P 3 1 ,  A2,P12, P32, A3,P13,P33, 
2 I B11,  I B12, I B13,  MB, I B12, I B 2 2 , I B 2 3 ,  1813,  I t323, I B33, 
3 B l ,Q11,931,  BZ8Q12,Q32, B3,Q13,Q33 
1 ' 0 ' , 4 X , ' I N E R T I A  D Y A D I C  OF A FOR A*  8 ACI ,J ) ' , 7X0  
2 'MASS MA'/' ', 4 U P E l 5 .  SI/' ', 3 E 1 5 . 6 /  I ,  3 E 1 5 . 6 /  
3 , 4X, ' A A " ,  1 8 X ,  'HA ' ,  13X, ' h A ' / '  I ,  E15.6,  
4 Z ( O P F 1 5 , t i  ) /  * ', l P E 1 5 . 6 , 2 (  O P F 1 5 , 6 ) /  ' I ,  l P E 1 5 . 6 , 2 ( 0 P F 1 5 . 6  ? /  
5 ' O 8 , 4 X , ' I N E K T l A  D Y A D I C  OF B FOR B *  , I S ( I , J ) ' , G X ,  
6 
7 I, E 1 5 .  b, 
8 2 ( 0 P F 1 5 . 6 ) / '  ' , l P E 1 5 . 6 , 2 ( O P F 1 5 . 6 ) / '  ' , l P E 1 5 , 6 , 2 ( O P F 1 5 . ~ ) )  
1 5 0  FORMAT ( ' O ' / ' O I N P U T  I N E R T I A  P R O P E R T I E S : ' /  
'0 ', 4)r, 'VECTORS: ' / '  
MAS S M €3 ' / ' 0 '  , 4X, 'VECTORS: ' /  
4 ( 1 P E 1 5 . G / ' ' , 3 E 1 5 . 6  / ' ', 4X, 'B', 18X, 'HB', 13A, ' J B * /  ' ,3 E 1 5 . b / 
C 
C D E F l  NE THE TERMS I N NAMED COb%4Ol.I /GODBLK/  
MBM MB/ (MA + 146) 
MM = MA*MBM 
C 
C D E F I N E  H E L P F U L  CONSTANTS (Ea. ( 6 . 5 4 ) )  
P 2 1  = P 3 2 * P 1 3  - P 3 3 * P 1 2  
P 2 2  = P 3 3 * P l l  - P 3 1 * P 1 3  
P 2 3  = P 3 1 * P 1 2  - P 3 2 * P l l  
C 
C SEE EQ. ( 6 . 5 5 ) .  
Q 2 1  = Q 3 2 * Q 1 3  - Q 3 3 * Q 1 2  
Q22 = Q 3 3 J t Q 1 1  - 4 3 1 . ~ 4 1 3  
Q23  = Q 3 1 * Q 1 2  - Q 3 2 * 4 1 1  
C 
C DEF I NE TERMS I N  NAMED COMMON / I N T B L K /  
C SEE EQ. ( b . 5 1 1 ,  
D l l  = Q l l * P l l  
D l 2  = Q l l * P 1 2  
0 1 3  = Q l l * P 1 3  
D 2 1  = Q 1 2 * P l l  
D 2 2  = Q 1 2 * P 1 2  
D 2 3  = Q 1 2 * P 1 3  
D 3 1  = Q 1 3 * P l l  
D 3 2  = Q 1 3 * P 1 2  
D33 = Q 1 3 x P 1 3  
C 
C SEE EQ. ( 6 . 5 2 I e  
E l l  = Q 2 1 * P 3 1  - Q 3 1 * P 2 1  
E 1 2  = Q 2 1 e P 3 2  - Q 3 1 * P 2 2  
E 1 3  = Q 2 1 * P 3 3  - Q 3 1 * P 2 3  
E 2 1  = Q 2 2 * P 3 1  - Q 3 2 * P 2 1  
E 2 2  = (122*P32 - Q 3 2 * P 2 2  
E 2 3  = Q 2 2 * ? 3 3  - Q 3 2 * P 2 3  
E 3 1  = Q 2 3 * P 3 1  - Q 3 3 * P 2 1  
E 3 2  = Q 2 3 * P 3 2  - Q 3 3 * P 2 2  
E 3 3  = Q 2 3 * P 3 3  . Q 3 3 * P 2 3  
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c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
SEE EQ. ( 6 . 5 3 ) .  
F 1 1  = Q21*P21  + Q 3 1 * P 3 1  
F12  = Q21*P22 + Q31*P32 
F 1 3  = Q21*P23 + Q31*P33 
F 2 1  = Q 2 2 + P 2 1  + Q32*P31  
F 2 2  = Q22*P22 + Q32*P32 
F 2 3  = Q22*P23 + Q32*P33 
F 3 1  = Q 2 3 * P 2 1  + Q33*P31  
F 3 2  = Q23*P22 + Q33*P32 
F 3 3  = Q23*P23 + Q33*P33 
SEE EQ. (6.60). 
U 1  = A 1  - B l * D l l  - B2*D21 - B3*D31 
U2 = A 2  - B1*D12 - B2*D22 - B3*D32 
U 3  = A 3  .. Eil*D13 - B2*D23 - E33*D33 
S E E  EQ. ( 6 . 6 1 ) .  
V 1  = B 1 * E l 1  + B2*E21 + B3*E31 
V 2  = Bl*E12 + 82*E22 + B3*E32 
V 3  = B 1 * E 1 3  + E2*E23 + B3*E33 
SEE EU. ( 6 . 6 2 ) .  
k i i  = B l * F 1 1  + B2*F21 + B3*F31 
hr2 = Bl*F12  + i32*F22 + B3*F32 
W3 = B l * F 1 3  + B2*F23 + B3*F33 
RETURti 
E'NU O F  DATA 
200  WRITE ( 6 , 2 5 0 )  
2 5 0  FORMAT ( ' O ' / ' O E N C  O F  DATA OK E R R O R  I N  D A T A  HAS B E E N  ENCUUiiTEKEC 
1 ' I t\i SUBROUT I It E Bob I ES ' / ' 1 ' 1 
STOP 
C 
C E N D  OF SUSROUTIKE BODIES 
E N D  
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SUBROUTINE I N T R N L  (T,F,iv1A,D,W6AtDWBA,R,DR,DDR) 
i- 
CI 
C 
C 
c 
C 
C 
c 
C 
T!- l IS S U U R C U T I N E  S U P P L I E S  P R O P E R T I E S  OF THE EillOTlON Gdt-fICH ARE 
P F L A T I V E  MOTION. 
DEPENDENT Ob1 THE ANGLE A L F  WI4EN THE TWO HIFU'GED B O D I E S  PERFORM 
CONSTANTS I I'd NAKED COMEOF4 / I N T B L K /  ARE DEF I NED I h! SUBR BOD I E S  
COMMON / I N T 6  L K /  D l l ,  D 12 ,  D 1 3 , 0 2  1, D2 2 ,  D 2  3, D 3  1,032, D33,  
1 E l l ,  €12, €13 ,  € 2 1 ,  E22,  E23, E31 ,  E32,  E33, 
2 Fll,F12,F13,F21,F22,F23,F3l,F32,F33, 
3 U18U2,U3,  V l ,  V2, V3, Wl,W2,1.43, P11, P12, P13, 
4 I B11,  I B12, I B13,l R22, I B23, I R33 
r: 
C OBTAIN I N T E R N A L  V A R I A B L E  & I T S  D E R I V A T I V E S  
c 
C A L L  A L P H A  (T,ALF,UALF,DDALF) 
S A L  = S I N ( A L F 1  
GAL = C O S ( A L F 1  
D A L F 2  = D A L F * D A L F  
C 
C DETEREL1 I NE EXTERNAL FORCE AND MOMENT 
C NOTE: IN T H I S  CASE, TF4ERE I S  140 EXTERNA.L FORCE SYSTEM. 
I: TIJE FOLLOWING DO-LOOP CAE RE REPLACED W I T H  NON-ZERO FORCES 
C I F  D E S I R E D .  
DG 1 0  1=1,3 
1 0  M A ( 1 )  = 0 .0  
F ( I )  = 9.0 
c 
C E S T A B L I S H  COSlPlE M A T R I X  BETWEEN A AND B .  SEE EO. ( E . 5 0 ) .  
C 1 1  = D l 1  + E l l * S A L  + F l l * C A L  
C 1 2  = D l 2  + E 1 2 * S A L  + F 1 2 * C A L  
C13 = D 1 3  + E 1 3 * S A L  + F 1 3 * C A L  
C 2 1  = D 2 1  + E 2 1 * S A L  + F 2 1 * C A L  
C 2 2  = 0 2 2  + E 2 2 * S A L  + F 2 2 * C A L  
C23 = D 2 3  + E 2 3 * S A L  + F 2 3 * C A L  
C 3 1  = 631 + E 3 l * S A L  + F 3 l * C A L  
C 3 2  = D 3 2  + E 3 2 * S A L  + F 3 2 * C A L  
C33 = D 3 3  + E 3 3 * S A L  + F 3 3 * C A L  
c 
c COMPUTE I N E R T I A  D Y A D I C  OF B .  SEE EQS. ( 6 , 3 8 1 .  
B ( 1 , l )  = I B l l * C l l * C I l  + 1 8 2 2 * C 2 1 * C . 2 1  + I B 3 3 * C 3 1 * C 3 1  
1 + 2 . 0 * (  I B 1 2 * C l l * C 2 1  + I B 1 3 * C l l * C 3 1  + I 6 2 3 * C 2 1 * C 3 1  1 
5(2,2) = I B l l * C 1 2 * C 1 2  + I B 2 2 * C 2 2 * C 2 2  + I R 3 3 * C 3 2 * C 3 2  
1 + 2,0*( I R 1 2 * C 1 2 * C 2 2  + l B 1 3 * C 1 2 * C 3 2  + I P 2 3 * C 2 2 * C 3 2  1 
B ( 3 , 3 )  = 1 B l l * C 1 3 * C l 3  + I 6 2 2 * C 2 3 * C 2 3  + 1 8 3 3 * C 3 3 * C 3 3  
1 + 2 . 0 * (  I B 1 2 * C 1 3 * C 2 3  + I B 1 3 * C 1 3 * C 3 3  + I B 2 3 * C 2 3 * C 3 3  1 
8 ( 1 , 2 )  = I B l l * C l l * C 1 2  + I B 2 2 * C 2 l * C 2 2  + I B 3 3 * C 3 1 * C 3 2  + I B 1 2 * ( C l P * C 2 2 +  
1 C 1 2 * C 2 1 )  + I B 1 3 * ( C l l * C 3 2 + C 3 1 * C l 2 )  + I B 2 3 * ( C 2 1 * C 3 2 + C 2 2 * C 3 1 )  
5 (1 ,3 )  = I B l l * C l l * C 1 3  + I B 2 2 * C 2 1 * C 2 3  + l B 3 3 * C 3 1 * C 3 3  + I B 1 2 * ( C l l * C 2 3 +  
1 C 1 3 * C 2 1 )  + 1 8 1 3 * ( C l l * C 3 3 + C l 3 * C 3 1 )  + I B 2 3 * ( C Z l * C 3 3 + C 3 1 * C 2 3 )  
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r: 
C 
c 
C 
t 
C 
6 ( 2 , 3 )  = I B l l * C 1 2 * C 1 3  + I B 2 2 * C 2 2 * C 2 3  + I B 3 3 * C 3 2 * C 3 3  + l B 1 2 * ( C l 2 * C 2 3 +  
1 C 1 3 * C 2 2 )  + l E 1 3 * ( C 1 2 * C 3 3 + C l 3 * C 3 2 )  + l U 2 3 * ( C 2 2 * C 3 3 + C 3 2 * C 2 3 )  
CO$IPUTE ANGULAR V E L O C I T Y  O F  B I P  A .  S E E  €4, ( 6 . 6 6 ) .  
W B A ( 1 )  = P l l * D A L F  
W E A ( 2 )  = P 1 2 * D A L F  
bJFA(3) = P l 3 * D A L F  
D E F  I N E  TERNS 
S U M k l  = V l * S A L  + \41*CAL 
SUbTA2 = V 2 * S A L  + W2*CAL 
SL'bIA3 = V 3 * S A L  + CJ3*CAL 
c 
SClf,lBl = h ' l * S A L  - V l * C A L  
SUI?.1B2 = l 'J2*SAL - V 2 * C A L  
SUNB3 = W3*SAL - V 3 * C A L  
C 
C 
C 
c 
c 
C 
C 
C 
* 
COMPUTE P O S I T I O N  OF B* N l T H  RESPECT TO A * .  SEE EQ. (6.59). 
R ( 1 )  = U 1  - SUfvihl 
R(2) = U 2  - SUKA2 
R ( 3 )  = U 3  - SUb!A3 
S E E  EQ. (6.631. 
DR(  1) = S U b ? B l * D A L F  
D R ( 2 )  = SIJMB2*DALF 
D R ( 3 )  = S U N B 3 * D A t F  
SEE EQ. ( 6 . 6 4 ) .  
D D R ( 1 )  = S U V B l * D G A L F  + S U M A l * D A L F 2  
DnR(2) = S l i b ? B 2 * D D A L F  + S U r l A 2 * D b L F 2  
D D R ( 3 )  = SUMG3*DDALF + SUk:h3*DALF2 
RETURN 
END O F  S U B R O U T I N E  I N T R N L  
END 
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SUBROUTIINE TWOBOD (T, hAF,  Dh’AF) 
c 
C 
c 
C 
C 
C 
c 
C 
C 
C 
C 
C 
I: 
c 
C 
C 
C 
c 
c 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
c 
C 
C 
C 
C 
T H I S  SUBROUTINE COMPUTES T I M E - D E R I V A T I V E S  OF THE ANGULAR V E L O C I T Y  
COMPONENTS O F  THE M A I N  BODY A (ALONG UNIT VECTORS F I X E D  I N  A )  
I N T E R N A L  V A R I A B L E S  AND A P P L I E D  FORCE SYSTEM IS S U P P L I E D  BY 
SUBROUTINE I N T R N L ,  
ARGUMENTS OF SUBROUT I NE TWOBOD: 
T - T I M E  
WAF - ANGULAR V E L O C I T Y  OF BODY A IN I N E R T I A L  FRARE, F 
Db\iAF - ANGULAR ACCELERATION OF BODY A I N  F 
THE FOLLOWING VECTORS AND D Y A D i C  ARE S U P P L I E D  BY SUBR. I N T R N L :  
F - RESULTANT OF A L L  FORCES A C T I N G  ON B O D I E S  A & B 
MA - MOMENT OF FORCE SYSTEM ABOUT A* 
6 - I N E R T I A  D Y A D I C  OF BODY 6 FOR B *  ( S E E  NOTE GELOW) 
HBU . ANGULAR V E L O C I T Y  OF BODY B I N  BODY A 
DWBA - ANGULAR ACCELERATION OF BODY 6 I N  BODY A 
R - P O S I T I O N  VECTOR OF B*  WITH RESPECT TO A* 
D i i  - V E L O C I T Y  OF B*  I N  BOGY A 
DDR - A C C E L E R A T I O N  OF B*  I N  BODY A 
THE FOLLOl i r lNG ARE S U P P L l  ED THRU NAMED COMMON /BODBLK/ :  
A - I N E R T I A  D Y A D I C  OF BODY A FOR A*  
Mlvl - MA*MB/(MA+MR) WHERE FIA & MB ARE MASSES OF B O D I E S  A 81 B 
MBI l  - MB/ (MA+WB 1 
NOTE: A L L  VECTORS AND D Y A D i C S  MUST BE RESOLVED ALONG A S E T  O F  
MUTUALLY PERPENDICULAR U N I T  VECTORS F I X E D  I N  BODY A. 
DECLARATIONS 
R E A L  T, WAF(31, D iJAF(31,  A ( 3,3 1 , M M  , E.1 BM, 
1 F ( 3 ) ,  M A ( 3 ) ,  B(3 ,3) ,  W B A ( 3 1 ,  DWBA(31, R ( 3 ) ,  D R ( 3 ) ,  D D R ( 3 )  
C OMM 0 N / B 0 D B L K / A, MM , M BM 
O B T A I N  INFORMATIOb!  ON R E L A T I V E  MOTIOF!  
C A L L  I N T R N L  (T, F, MA, E, WBA, DWGA, R, DR, DDE) 
CONVERT ARRAYS TO CONSTANTS AND D E F I N E  TERMS. 
Elf = B ( 1 , l )  
B12 = B(1 ,2 )  
513 = B ( 1 , 3 )  
B 2 2  = i3(2,2) 
823  = B ( 2 , 3 )  
B 3 3  = B ( 3 , 3 )  
(MOST ARRAYS ARE CONVERTED TO CONSTANTS TO SPEED COPPUTATIONS.  
C 
R l  = R ( 1 )  
R2 = R(2) 
R 3  = R ( 3 )  
C 
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C 
c 
C 
C 
C 
C 
A B 1 1  = A ( 1 , l )  + B11 
AB12 = A ( 1 , 2 )  + B12 
A B 1 3  = A ( 1 , 3 )  + B13 
A B 2 2  = A ( 2 , 2 >  + I322 
AB23 = A ( 2 , 3 )  + B23 
A633 = A(3,3)  + 833 
FORM EQS. ( 6 . 2 3 )  
E22 = A622 + M P . I * (  R l * R l  + H3*F?3) 
€33 = AB33 + fJ?P?*( R 1 * R 1  + R2*R2) 
FORM EQS. ( 6 . 2 4 )  
E l l  = A B 1 1  + MI.i*( R2*R2 + R3*R3) 
E12 = A 3 1 2  - I:IM*Rl*R2 
E13 = A B 1 3  - M Q ! * R l * R 3  
E23 = AB23 - I'Y:E'i*R2*R3 
DEFINE TERMS (EQS. ( 6 . 2 6 ) - ( 6 . 3 1 ) )  
C1 = E22*E33 - E23*E23 
C 2  = E13*E23 - E12*E33 
C3 = E12*E23 - E22*E13 
C4 = Ell*E33 - E13*E13 
C 5  = E13*E12 - E l l * E 2 3  
C 6  = E l l * E 2 2  - E12*E12 
F I N D  DETERMINANT O F  THE E ' S .  SEE E O .  ( 6 . 3 2 )  
DET = E 1 1 * C 1  + E12*C2 + E13*C3 
I F  (ABS(DET) .GT. 1 .OE-25)  GO TO 5 0  
WRITE ( 6 , 1 1 0 )  DET, T 
1 1 0  FORMAT ('ODETERMINANT I N  SUBROUTINE TWOBOD 1PE15 .6 ,  
1 ' AT T = ' , E 1 5 . 6 , ' .  EXECUTION TERMINATED') 
STOP 
C 
C CONVERT A R R A Y S  TO CONSTANTS A N D  D E F I N E  TERMS 
5 0  lzil = WAF(1) 
N 2  = WAF(2) 
1;13 = \.alAF ( 3 ) 
C 
F 1  = F(1) 
F 2  = F ( 2 )  
F3 = F ( 3 )  
W5l = W B A ( 1 )  
KB2 = WBA(2) 
C 
W B 3  W6A ( 3 
C 
D R 1  = D R ( 1 )  
DR2 = DR(2) 
D R 3  = D R ( 3 )  
C 
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D D R 1  = D D R ( 1 )  
DDR2 = D D R ( 2 )  
DDR3 = D D R ( 3 )  
C 
A B i i l  = A B l l * W l  + AB12*\{;2 + AB13*kJ3 
ABkJ2 = A B l Z * L J l  + AB22*W2 + A B 2 3 * i J 3  
AR\4‘513 = P.B13*W1 + A & 2 3 * \ J 2  + AB33*!413 
c 
c 
c 
E W E 1  = 611*W01 + B12*WB2 + B13*1GB3 
BblB2 = B12* tv ’B1 + B22*WB2 + B23*WR3 
B W B 3  = B 1 3 * W B l  + B23*WB2 + l333*WB3 
C 
c 
Lt ’XUl i l  = W2*DK3 - W3*DR2 
CiXDR2 = 1 ; J 3 * D R l  - Cs‘l*DR3 
WXDR3 = CII’l*DK2 W2*Df?1 
C 
c 
C F O R M  R I G H T - H A N D - S I D E  OF A T T I T U D E  EQUA‘610N. S E E  EQ. ( 6 . 2 5 ) .  
D 1  = h i A ( 1 )  + ABL\12*W3 - ABW3*\/12 - 5 1 1 * D W B 1  - B12*DWB2 - B13*DWB3 
1 + B!:J2*WB3 - BW3*lrdB2 + BWBZ*WBF3 - BWB3*WBF2 - MRM*(R2*F3 
2 - R 3 * F 2 )  - MM*(RZ*DDR3 - R3*DDR2 + 2.0*(R2*WXDR3 - R3*lnlXDR23 
3 + WR* (FiZ*W3 - R3*l.J2 1) 
c 
D 2  = M A ( 2 )  + ABW3*W1 - ABt;’l*li13 e B 1 2 * D W B 1  - B 2 2 * D \ J 6 2  B23*D1.:B3 
I + BW3*WBl  BC*Jl*WB3 + B 6 5 3 * W B F l  0 BWBl*WBF3 - MBM* ( R 3 * F 1  
2 - R 1 * F 3 )  - Mh<* (R3*DDRl  - R l * D D R 3  + 2 . 0 * ( R 3 * W X D R 1  R l * W X D R 3 )  
3 + \ IJR*(R3*Wl - R l * W 3 ) )  
C 
D 3  = t t lA(3)  + ABWl*W2 ABLI2*W1 - B13*DCiB1 - B23*DWB2 - !333*D’,dB3 
1 + 6Wl*WB2 - BlrJ2*W61 + B W B l * N E F 2  - EhiB2*WBF1 - M B M * ( R l * F Z  
2 - R 2 * F 1 )  - M M * ( R l * D D R 2  - R Z * D D R l  + 2 . 0 * ( R l * W X D R 2  - R2*WXDR1) 
3 + WR*(Rl*ll1‘2 - F?2*W1)) 
C 
C 
C 
Cw iPUTE ANGULAR A C C E L E R A T I O N  OF 6GDY A IN F BY CFIANER’S RULE 
SEE EQS. ( 6 . 3 3 ) - ( 6 , 3 5 ) .  
D W A F ( 2 )  = ( D l * C 2  + D 2 * C 4  + D 3 * C 5 ) / D E T  
D W A F ( 3 )  = ( D l * C 3  + D 2 * C 5  + D 3 * C i i ) / D E T  
RETURN 
DWAF(1)  = ( D l * C l  -I- D 2 * C 2  + D 3 * C 3 ) / D E T  
C 
C END OF S U B R O U T I N E  TWOBOD 
E N D  
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
c 
C 
C 
C 
c 
C 
C 
c 
C 
c 
C 
c 
c 
C 
c 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
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SUBROUiTINE DFEQSl(NEG,,  X, STEP, Y, F, EPS, * )  
S I N G L E  S T E P  D l F F E R E N T l A L  EQUATION SOLVER. 
INTEGER NEQ 
R E A L  X, STEP, Y(I\IEQ), F, EPS 
EXTERNAL F 
KUTTA MERSON I NTEGRATES A SYSTEM OF ' t'lEQ8 F I R S T  ORDER ORD 1 N A R Y  
D I F F E N T I A L  EQUATIONS .. YPRIIVIE = F(T,Y),FROK X TO X+STEP, N I T H  
ERROR CONTROL, I F  REQUESTED BY ' E P S ' .  WHEN T = T+H, RETURN 1 
TAKEN, 
SEE.. L. FOX, ' N U M E R I C A L  S O L U T I O N  OF ORDlNARY AND P A R T I A L  
D I F F E R E NT I A L E QV A T  I 0 N S 19 E 2, P . 2  4 e 
C A L L  I N G  SEQUENCE. . e 
D F €( IS  1 ( N EQ, X , S T  E P, Y ,  FUFdCT, E PS, & 1 1 
PARAMETERS.. e 
NEQ 
X 
S T E P  
Y 
F U L L  NO80 I NTEGER 
R E A L  V A R I A E L E  
SHORT PREC I S I O N  
TtEAL VAR I A B  L E  
SHORT PKEC I S I O N  
R E A L  ARRAY 
SEORT PREC I S  I ON 
FUNCT SUbRGUT I RE NAME 
E 2s REAL V A R I R G L E  
SHORT PREC I S I ON 
THE NUYBER OF F I R S T  ORDER 
( K E Q .  L E . 3 0 )  
EQUAT I ONS 1 N T H F  SYSTEPS 
THE 1 N I T I A . L  VALUE OF THE 
INDEPENDENT VARIAELE,  bJti!CI-1 
RETURN 
IS SET TO X + S T E P  Cthi 
THE LENGTH OF THE I N T E R V A L  
THROUGt-1 WH I CH THE EQUATI  DNS 
ARE TO B E  SGLVED 
(MAY BE P O S I T I V E  O R  R E G A T I V E )  
THE 1 N i T I A L  VALLIES OF THE 
DEPENDENT V A R I A B L E S  Y ( I ) , * * . ,  
Y ( N E Q )  A T  X. THE ARRAY I S  S E T  
THE SUBROUT I N E .  
TO THE VALUES AT x + STEP c y  
THE NAf lE OF A USER S U P P L I E D  
SUBROUTINE SUBPROGRAPI N I T P  
PARAMETERS (X, Y, D Y  , WH I CH 
ClrfiEPJ GI VER THE INDEPENDENT 
V A R I A B L E  X, THE DEPENDEP!T 
V A R I A B L E S  Y (11,. e e ,Y (REO.>  
PLACES THE F I R S T  D E R l V P l T I V E  
AT  X IN T H E  ARRAY DY(I .1,  ..., 
DY (fdE(2) 
THE S T E P  I N T E R V A L  OF THE SUB- 
R G l J T l  NE I S ADJUSTEE 5L7 P!1AT 
THE RAXIMUK OF THE ESTZI tATED 
R E L A T I V E  ERROR IS LESS TFAN Ei'S. 
1 F EPS=O, THE I MTERVAL AEI4A 1 NS 
UNCF-iANGED AFJD EQGAL TO STEP.  
C 
C a1  STATEMENT L A B E L  ERROR RETURN 1 
C 
C LB BRARY PROGRAM NUMBER COP5 
C JOHN H, kdEbSCH ( S L A C )  
C MARCH 8 ir 1 9 6  7 
C 
REAL HC/O,/  
REAL FINAL,  H2, H3, H6, H8, ERR, TEST, T, !-I8 EPSL, 
INTEGER B 
L O G I C A L  D B L  
I Y 1 ( 3 0 ) ,  Y 2 ( 3 0 ) ,  F O ( 3 0 1 ,  F l ( 3 0 1 ,  F2(30) 
C * * *  CHECK FOR I N I T I A L  ENTRY AND A D J U S T  HC, I F  NECESSARY, 
IF(NEQ,NE,O) GO -ro i o  
I-iC = S T E P  
RETURN 
10 I F ( S T E P . E Q , O )  RETURN 
I F ( H C . E Q , O )  HC = STEP 
F I N A L  = X*STEP 
ti = S T E P  
E P S L  = EPS 
IF(EPS,EQ,O .OR. ABSCH) . L E .  A B S ( H C ) )  GO TO 1 5  
C ***  SET LOCAL V A R I A B L E S .  
C ***  CHANGE D I R E C T I O N ,  I F  REQUIRED, 
?F(f-l*HC,LE,O) HC =: -HC 
H = HC 
1 5  T = X+H 
X = F I N A L  
H2 = H / 2 ,  
H3 = H / 3 .  
HG = H / 6 ,  
H8 -. H / 8 .  
C *** M A I N  KUTTA-MERSON S T E P  
2 0  IF(H,GT,O .AND. T . G T , F I N A L  .OR. H , L T , O . A N D , T , L T . F I N A L )  GOT0 4 0  
2 1  C A L L  F(T-H, Y, F O )  
2 2  Y P ( I I )  = F O ( l ) * H 3 * Y ( I )  
DO 2 2  1 = 1,NEQ 
C A L L  F ( T - 2 . * H 3 ,  Y1 ,  F a )  
DO 23  I = 1,NEQ 
23 Yl(i) = ( F O ( l ) s F l ( r ) ) * H 6 + Y ( l )  
C A L L  F ( T - Z e * H 3 ,  Y1, F P )  
DO 2 4  I = 1,NEQ 
C A L L  F ( T - H 2 ,  Y1, F 2 )  
DO 25 I = 1,NEQ 
C A L L  F(T, Y1, F 1 )  
DO 2 6  C = 1,NEQ 
C * * *  DOES THE S T E P  S I Z E  H NEED TO BE CHANGED, 
2 4  Y1(1) = (F1(8).3,+FC(n>)*H8*Y(l) 
2 5  Y l ( 1 )  = ( F 2 ( 1 ) * 4 . - F l ( r ) * 3 , * F O ( l ) > . H 2  +Y(I) 
2 6  Y 2 ( 9 )  = (F2(1)*4,*Fl(s)+F0(8))*HE + Y ( ! )  
SF(EPSL.EQ.0)  GO TO 3 8  
D B L  = .TRUE, 
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lJ6 3 5  I = 1,tb.EQ 
- FFY = ,43S(Yl(l)-Y2(1))*9.2 
TEST = , ? B S ( Y l ( I  ) ) * E P S L  
I F ( E R R . L E . T E S T )  GO TO 3 4  
C * * *  3 A L L ' E  T H E  S T E P  S I Z E .  
F: = H 2  
T = T-k"2 
I F ( T + b t . Y E . T )  GO TU 53  
X = T  
R E T U R N  1 
C * * *  STEP S I Z E  TOO SI:kLL R F L A T I V E  TO T, T A K E  2 E T C f : P '  1. 
3 3  I12 = i l d 2 .  
iJ3  = H/3e 
I A C =  t4 /5*  
:1P = H/8 .  
G i l  TO 2 1  
3 4  IF(G4.0*ERi?.C'T.TEST) D B L  = . F A L S E ,  
35  CONTI N U €  
C * * *  n O U f , L E  TVE STEP SIZE,  M A Y B F .  
IF(.VOT.DEL) GO TO 38 
112 = I! 
1-1 = 2 0 *!-i 
I13 = H / 3 .  
P F  = / - + / E ,  
f'8 = H / 2 .  
3 8  B O  3 3  I = 1 , M E Q  
3 9  Y t l )  = Y 2 ( 1 )  
T = T+I1 
GO T O  2 0  
14 0 1 F ( EPSL. E Q ,  0 1 PETURK 
C * * *  N!ili B E  SUEE TO I'!AVE T = F I N A L .  
!IC = fj  
H = F I MAL- (T-k;) 
l F ( A ~ S ( t ~ ) , L E . A R S ( F l ~ n L ) * 3 , 5 3 G 7 4 4 E - 0 7 )  RETURk 
T =  F I N A L  
FPSL = I' 
112 = t t / 2 .  
c13 = H / 3 .  
i i C  = E / E .  
Fir: = P / 8 ,  
fc! TO 2 0  
C * * *  LAST C A R D  O F  SCBROUTINE DFEQl 
END 
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4 . 3  Plain P r o n r a m  and S u b r o u t i n e s  ALPHA and OUTPUT 
c 
c 
C 
c 
C 
(1 
c 
c 
C 
C 
c 
r: 
c 
C 
c 
c 
c 
c 
c 
c 
C 
C 
c 
c 
C 
c 
c 
c 
C 
c 
C 
C 
c 
c 
C 
C 
c 
c 
c 
c 
C 
0 
C 
c 
C 
C 
TLt‘C! F! I N G E D  BOD I ES PERFORI?‘! NG R E L A T  I VE ROT I ONS 
PR0GRAP.I PERFORb1S CALCULAT I CbIS GL‘TL I NED I I\! SECS. G e 1 A N D  E e 2 
T H I S  PROGRAf( Ci3i iPUTES TI4E ANGULA!? V E L O C I T Y  OF PJCDY A \*‘iIFFJ F O r Y  
U, , ATTACIIED TO A EY 0, ! I I N C E ,  I S  Is1QVED 2 E L A T I V F  TO A .  
THE t . IOT l0N O F  B I N  A IS D E S C E l B F D  BY 1 ACIGLE, ALF, 
\.!H I C t i  I S  PRESCR I BED I N SlIRR(3I1T I !!E ALPHA. 
TI!IS PARTICULA i ;  b lA IF l  PKOGkAI.1 I S  DESICFJE[) TO RE USED V!lTH TIE‘E 
H I S T O R I E S  OF A L F  NHICF! ARE D E S C R I B A B L E  IP! T E W S  OF 2 PAEAb:ETEhS, 
Ab: A M P L I T U D E  & A P E R I O D  ( E . G . ,  SFE F I G .  7.21, ANC I T  S t U l I L D  E F  
b1CU I F I ED, ALONC; \ t ’ l  TI-! SUBROUT I PF hLPPA,  \!!IEN QTHFP FOI?I’.S OF 
R E L A T  I VE FlOT I O N  ARE DFS I RED.  
S l rBdOUT I NES kEQU 1 KEG: 
3001 ES rtEAUS I i\! ANG W R I T E S  GlrT I N E k T i A  PFtOPEETl ES AKD 
PERFORMS T I IE  COMPUTATIONS I N  EQS. ( 6 . 5 1 ) - ( 6 , 5 5 ) ,  
( E . 6 0 ) - ( 6 . 6 2 )  
(6 .591 ,  (G.631, (6 .641 ,  ( 6 . 6 6 1 ,  ( 6 . 6 7 )  
D E R I V A T I V E S ,  T H I S  P A R T I C U L A R  F U N C T I O N A L  FOKEI I S  GIVE!! 
I N  EQ. ( 7 . 2 7 1  
I NTRNL PERFORPIS THE COr4P\ITATI ONS O F  EQS e ( 6 . 5 0  1 I ( 6  e 3 8  1, 
ALPHA P R E S C H I Y E S  A T I M E  I-JISTORY OF T H F  ANGLE P L F  ANI? I T S  
TViOBOD PERFORMS COI!PUTATIONS I N  EQS. ( 6 . 2 3 ) - ( 6 . 3 5 )  
D F E Q S l  PERFORMS N U I I E R I C A L  I RTEGRATI  O N  V I A  T V F  KUTTA-VERSOC; 
GUTPUT L A B E L S  COLUbiNS AKD kJR 1 TES OUTPUT 
EETI-ICD 
VAPIED COF:IF:CV! 1 N T E R C O W E C T  I o r s :  
/BODGLK/ SUBROUTI NE EODI  ES 8’1 SUEROUT! WE T1:‘OSOD 
/ I N T B L K /  SUBROUT I NE BOD I ES 13 SUBEOUTI WE 1 WTRNL 
/ A L F B L K /  MA1 N PROGRAI’I 8i SlJRROUTl  NE ALPHA 
I N P U T  TO TEE PROGRAM INCLUDES THE I N E R T I A  PROPERTIES OF A 8 B , 
THE A M P L I T U D E  AND P E R I O D  OF EACH O S C l L L A T l O F l  OF B R E L A T I V E  TCI P 
AIdD I PJ I T  I A L  COND I T  I ORs 
I N P U T  DATA IS READ IN 3 STEPS: 
S T E P  1: 
FOUR CARDS C O N T A l N l  NG I R E R T I A  & CEGb:ETRICAL PROPERTIES A R E  4EPD 
BY SUBROUTBNE B O D I E S ,  (SEE B O D I E S  FOR D E T A I L S . )  
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c 
C 
c 
G 
c 
C 
C 
C 
C 
C 
C 
c 
c 
C 
C 
c 
6 
C 
C 
C 
c 
6 
C 
S T E P  2: 
THE M A I N  PROGRAi4 READS ONE CARD WHICH WAS FORhAT ( 4 F 1 O e 3 , 1 1 O )  
AND WH I CH COidTA I RS THE FOLLOCh'I NG I TEMS DEAL t NG W 1 T H  I Id I T I A L  
C O N D I T I O N S :  
TO ( R E A L )  START I NG T 1 ME 
! . ! ! ( I )  1=1,3 ( k E A L  A R I  I N I T I A L  ANGULAR RATES 
N (DNTEGER) THE NUIIEIUEE OF CYCLES OF R E L A T I V E  t!CITIUi\ TU 
BE PEKFORbIED, MUST BE L E S S  THAN 101, 
S T E P  3: 
THE M A I N  PROGRAM READS N CARDS WHlCH HAVE FOKPiAT (2FlU,2,lIO) 
AND WHICH CONTAAIN THE FOLLOWING I T E M S  B E S C R l B l N G  THE K E L A T l U E  
MOT I 013 : 
AMPL(  I 1  ( R E A L  At?) O S C l L L A T l Q h  A M P L I T U D E  I N  DEGREES 
P b (  a 1 ( I I E A L  AK) O S C I L L A T I O N  P E R l O D  
NPRNT( 1 )  ( IldT, AR) NUFY;BER OF PRINT-OUTS PER CYCLE 
OUTPUT INCLUDES THE T I M E  AND ANGULAR V E L O C I T Y  CQl~rPONENTS AND I F  
SUPPL I ED B Y  SUBROUTl  NE OUTPUT 
V A R I A B L E  D E C L A R A T I O N S  
R E A L  PD 1 0  0 1, Ab? P L ( 100 1 , W (  3 ) , RAD/ 1 e 74 5 3 2 9  E-0 2 /  
INTEGER I ,  J, NPT, Id, N P R N T ( 1 0 0 )  
EXTERNAL TWOBOD 
cor\r,iriw /ALFBLK/  PERI OD, AMPLTD 
1JR 1 T E  HEAD 1 NG 
2 5 0  H R I T E  (6,501 
5 0  FORMAT (11-11, ' TkJO 1.1 D NGED BOD I ES PERFORM 1 i l G  PRESCk I BEU , 
1 ! R E L A T I V E  M O T I O N S '  /'O', FORWARE I NTEGRAT 101.: OF ' , 
2 ' E Q U A T I O N S  ( 6 . 3 3 ) - ( 6 . 3 5 ) '  / / / ' O ' ,  
3 ' A  I N D I C A T E S  M A I N  BODY B B N D I  CATES SECOia5 BUOY 1 
C 
C READ I N I NERT I A PKOPERT 1 ES 1 N SlJBfiOLiT 1 NE BOD I ES 
C 
C ItEAC) I N 3 lid I T I A L  COND I T I OFIS 
C A L L  B O D i E S  
READ (5,11O,ERR=22U,END=220) TO, ( i - / ( I  I d  1=1,3), id 
1 1 0  FORL1AT ( 4 F 1 O e 3 , I 1 O )  
C 
C tJlC I T E  OUT I N I T I k L  C O N D  I T I ONS 
W R I T E  (6,120) TO, ( I h j ( l ) ,  l = 1 , 3 ) ,  i 4  
1 2 0  FORhAT ( ' O ' / ' Q O I h i I T I A L  C O N D I T I O N S :  ' /  
1 I s , ~ ,  8 I N I T I A L  TIME = ! , ~ 8 . 3 /  * ',5X, 'ANGULAI; RATEb' /  
2 * ' ,5X, 'k;( l )  =' ,  F8.4, '  W ( 2 )  = I ,  F5.4,# ; $ ( a >  " 9 ,  
3 F8,4 / ' 0 , 5 X ,  NUIb:BEk OF CYCLES = *  0 I 4 /  
4 ' 0 8 , 5 X ,  ' C Y C L E  A M P L I T U D E  PERIOD P R I N T S / P E k t O b ' )  
IF (N .EQ. 0) GO TO 250 
C 
r READ IN, AND W R I T E  OlJT, PARAMETERS FOR R E L A T I V E  M O T I O N  
DO 4 8 0  I=S,N 
READ (5,41O,ERR=31O,END=3PO) AMPL( I > ,  PD( I ) , .  NPRNT( I >  
4 1 0  FORMAT (2F10 ,2 , I l .O )  
4 8 0  W R I T E  ( 6 , 4 8 1 )  I ,  AMPL( I 1, PD( I ) ,  NPRNT( I )  
4 8 1  FORMAT ( g  * ,18,F13,2, .Fa0.2,110)  
GO TO 3 2 0  
310 rl = 1-1 
C 
C I N I T I A L I Z E  THE INDEPENDENT V A R l A B L E  AND THE I N T E R N A L  INTEGRATIOW 
C S T E P  S I Z E  
3 2 0  TIRE = TO 
C A L L D F E QS 1 ( 0 , T sa 0 5 PI TCJO RO D , 1 e 0 E- 5, & 15 0 1 
C 
c L A B E L  OUTPUT COLUMNS US I NG SECOND ENTRY TO SUBROUTI ME OUTPUT 
C 
C W R I T E  OUT I N O T I A L  CONDPTDOMS 
C A L L  OUT2 
P E R I O D  = 1 , O  
A K P L T D  = 0.0 
C A L L  OUTPUT ( T I M E ,  O . O I  W )  
C 
C BEG I N I NTEGRAT I ON 
DO 4 5 0  i-1,N 
T = 0,O 
AMPLTD = AMPL(  i ) *RAD 
P E R I O D  = P D ( % )  
N P T  = N P R N T ( B 1  
D T  = P E R I O D / F L O A T ( N P T )  
DO 4 3 0  J=Z,NPT 
C 
C A L L D F EQS 1 ( 3 T, GT 
T f M E  = T % M E  + D T  
W , TWO BOD, 1.0 E - 4 , & 1 5  0 1 
4 3 0  C A L L  OUTPUT ( T I M E ,  T, W )  
4 5 0  W R I T E  ( 6 , 4 4 0 )  
4 4 0  FORMAT ( '  ' 1  
C 
C END OF l N T E G R A T ! O N  
GO TO 2 5 0  
C 
C I F  l N T E G R A T l O N  F A I L S  
\F:RITE (6 ,210)  T 
GO TO 2 5 0  
1 5 0  T = T / P E R I O D  
2 1 0  FORMAT ( *  INTEGRATPON T E R M l N A T E D  A T  T / P D  = ' ,F8 .5 )  
C 
C I F  DATA CARDS ARE MlSSlNG 
220 WRITE (6,2901 
2 9 0  FORMAT ( ' O ' / ' O D A T A  MISSING FOR MAIN PROGRAM READ S T A T E M E N T S ' / ' l ' )  
RETURN 
C 
C END OF M A I N  PROGRAM 
END 
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S b B k O G T I M E  ALPHA (T, ALF, DALF, D D A L F )  
c 
C THlS S b 6 K O U T I N E  S U P P L I E S  THE ANGLE, ALF, D E S C i < i B I i i G  THE OhlEN-  
c 'FATIOPJ OF BODY €3 IN BODY A THE P A k T I C U L A k  F U N C T I O N A L  FORh 
c FUk THE T I M E  H I S T G H Y  OF ALF I S  G I V E N  BY EQ. ( 7 . 2 7 ) .  T I N E  CIEFiIV- 
c I T l V E S  OF A L F  A h E  ALSO GIVEN, 
6: 
L P 1 2 / 6 . 2 8 3 1 8 5 / ,  T, A L F ,  DALF, DDALF 
CObiMON / A L F B L K / P E R I  OD,AI\IPLTD 
c 
C COMPUTE H E L P F b L  CONSTANTS 
PD2 = PERl05/2,0 
AMPPD = AMP&TD/PD2 
AC1PPG2 a PI 2*ANPPD/PDZ 
C 
C D E F I N E  INDEPENDENT V A R I A B L E  FOR ONE CYCLE OF LIF16 M O T I G N  
C NOTE: I T  IS K E Q t i l R E D  THAT (0.0 .LE.  T .LE. P E R I U G )  
TAU = T * P 1 2 / P D 2  
S l N T  = S I W ( T A U 1  
c 
C START COMPUTATIONS QF A L F  AND I T S  D E R I V A T I V E S  
C 
C I F  I N  THE FIRST H A L F  OF A CYCLE 
C EQ, ( 7 . 2 7 )  
ALF = AibiPLTD*(TAU - S I N T ) / P 1 2  
C 
IF ( T A U  .GT. PI21 GO TO 10 
D A L F  = A M P P D * ( 1 . 0  m COS(TAU1) 
DDALF = AMPPD2*S I NT 
RETURN 
C 
C IF I N  THE SECONG H A L F  OF A CYCLE 
c EU. ( 7 . 2 7 )  
C 
IQ A L F  = AMPLTD*(Z ,O - ( T A U  - SINT)/P12) 
D A L F  = - A M P P D * ( l . O  c COS(TAU1)  
DDALF = -AMPPD2*S I NT 
RETURN 
C 
C END OF SUBROUTINE ALPHA 
END 
SUBROUT I ldE OUTPUT ( T I  b'iE, T, h A F  1 
c 
C TH 1 S SUBKUbT i N E  b / R i  TES THE OUTPUT, TI4 IS SUBkirUT I b!E CAN BE 
C ENLAdGED TO CONPUTE OTHER QUANT 1 T I  ES SUCH AS K 1  idET I C ENEKG I ES e 
c 
c 
C OBTABN VALUE OF ALPHA AND CONVERT TO DEGREES 
R E A L  T, TtbiE, krlAF(31, ALF 
C A L L  ALPHA (T ,  AbF,  GALF, DDALF)  
A L F  = A L F / 1 . 7 4 5 3 2 9 E - O 2  
c 
C ~ J K  B TE OUTPUT 
N K l T E  (6,1201 TIME, ALF, (hAF(I), 1=1 ,3 )  
RETURN 
1 2 0  FOkMAT ( '  * , 5 F 1 0 , 2 )  
C 
c 
c LAlSEL OUTPUT COLUMiJS 
ENTRY 0 ~ ~ 2  
N K I T E  (6,601 
RETU kid 
6 0  FCIRt-IAT ( ' 1  T I NE ALPHA W ( 1 )  
C 
C El40 O F  S U B R O U T  I &E UUTPUT 
END 
o__ Data Card%: 
(See  Sec,  7 , 4 )  
0 ,5944  8 , 4 0 2  8 , 7 7 7  0 . 0 5 1 3 5  0.0 0.0 4 . 8 5 4  
1,Lcb52 0 , 7 2 4 8  0.0 0.0 0.0 -1.0 1.0 0, (1 0.0 
0 ,00296 0 . 2 b 0 7  0 , 2 6 0 7  090 o s 0  0.0 0 . 4 4 4 6  
1 , 2 9 1 4  0,O 0 . 0  Q * O  0.0 -1.0 1.0 0.0 0.0 
0,o 6 , 2 8 3 2  0.0 0.0 4 
1 3 5 . 0  2 , 8  7 
135 .0  2.8 7 
1 3 5 , o  7,O a 4  
1 3 5 , o  1 0 * 2  1 7  
( S e e  S e c ,  8 , 3 )  
10.u 5 , Q  3 , 3 3 3  3 . 3 3 3  0,o 0.0 0.0 
-0,s 0,o 0 * 0  0.0 0 . 0  -1 .0 1.0 0.0 0.0 
0,O 0,O 0,o 0.0 0,o O e 0  1 . 0  
1,O 0.0 0 * 0  0.0 0 * 0  -1,O 1. G 0.0 0.0 
0,o 3 , 1 4 1 6  0,0 5,0582 1 
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TKO H D NGED BOD I ES PERFOHbi 1 NG PRESCR I BED RE LAT B VE MOT IONS 
FORWARD 1 NTEGRATJ ON OF EQUAT I OIJS (6.33)-(6,35 1 
A lNDlCATES M A l N  BODY B INDICATES SECOLID BODY 
INPUT lNEKTlA PROPERTIES: 
INERTIA DYADIC OF A FOR A* , A ( l , J )  NASS MA 
5,944QOOE-01 5,135OOOE-02 0.0000QOE-01 4.894000E 00 
5,135OOOE-02 8.402000E 00 0.OOOOOOE-01 
O e O O O O O O E - O 1  0.0OOOOOE-01 8.777000E 00 
VECTQRS: 
A HA NA 
1,465200E 00 O.OOOOO0 1.000000 
7 . 2 4 8 0 0 0 E - 0 1  0.000000 0.000000 
0.000000E-01 -1.000000 0.000000 
INERTIA DYADIC OF B F O R  B* IB(I,J) MASS M B 
2,960000E-03 0.000000E-01 0.OOOOOOE-01 4.44GOOOE-01 
0.000000E-01 2.607OOOE-01 0.000000E-01 
0 .000000E-01  0.000000E-01 2.607000E-01 
VECTORS: 
B HB NB 
1,291400E 00 Oe000000 1.000000 
0.000000E-01 0.000000 0.000000 
0.000000E-01 -1.000000 0.000000 
I N I  TI AL CONDITIOl \ iS :  
INITIAL TIME = 0.000 
ANGULAR RATES 
W(1) = 6 . 2 8 3 2  W ( 2 )  = 0,0000 ~ 3 )  = a .oooo 
NUMBER OF CYCLES = 4 
CYCLE AMPLITUDE PERIOD PRINTS/PEKIOD 
1 135,OO 2.80 7 
2 135.00 2.80 7 
3 135.00 7.00 14 
4 135,OO 10.20 17 
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T B I4 E 
0,OC 
0,40 
u, 80 
B e 2 0  
1,60 
2,00 
2.40 
2 , 8 0  
3.20 
3,60 
4,QO 
4 , 4 0  
4,80 
5,20 
5,60 
G.10 
6,60 
7,lO 
7 e 6 0  
8,10 
8.60 
!jol0 
9.60 
10,3.0 
10,60 
1 1 , l . o  
11,60 
12 a 1u 
12,60  
13.20 
13,80 
14,40 
15,OO 
B5,60 
16,20  
16,80 
17,40 
18.00 
18,60 
19-20 
19-80 
20,40 
21,OO 
21,60 
22.20 
22*80 
ALPHA 
0,OO 
17,62 
SGe47 
132 51 
132,51 
86,47 
19,62 
0,QO 
17,62 
86 ,47  
132,51b 
132,51 
86,47 
17*62 
0.00 
2,49 
1 7 , 6 2  
48,53 
86,47 
117,38 
132,51 
135.00 
1 3 2 , 5 1  
117,38 
86.47 
48,53 
17,62 
2*49 
0 , Q O  
1 . b l  
10,37 
30 50 
59,58 
90,72 
115,96 
130.41 
134,82 
134,82 
130,161 
115,96 
90,72 
59*58 
30,50 
10.39 
a,4a 
0 , O O  
Ini(J.1 
6,28 
4,52 
2,11 
3,OO 
2.96 
a, 87 
3,43, 
4*73 
3 , 3 s  
a,45 
1-99 
1 , 9 3  
1,05 
a*34 
1,85 
1,81 
1.32 
0,62 
0,17 
-0,09 
-0.24 
eQ.31 
-0.33 
-0.27 
-0,15 
-0,07 
-0.09 
-0,13 
-0,17 
-0.20 
-0.19 
-0.14 
-0.08 
-0,05 
-0.03 
-0,oa 
0,QQ 
0,oa 
0,02 
0*02 
Q, Q a  
0,oo 
-0 ,oo  
0,OQ 
0*01 
0 .02  
W ( 2 )  
0,oo 
-0*01 
o s 2 0  
0.45 
0062 
0*54 
0 , 3 2  
-0.21 
-0,34 
o s  02 
0,35 
0,58 
0,61 
0,56 
0.45 
0,04 
-0,34 
-0.48 
-0.49 
-0,47 
-0,45 
-0,42 
-0,37 
-0.32 
-0.28 
-0,26 
-0.24 
-0e22 
-0,18 
- 0 0 1 2  
-0,05 
-0 0 00 
0,03 
0,04 
0,05 
0,05 
0,05 
0,05 
0,04 
8,04 
0.03 
0,03 
0,03 
0,03 
0,03 
0 * 0 2  
lbJ(3) 
0,00 
0.07 
0 , 3 8  
0.23. 
0,04 
-0,32 
-0.26 
-0.31 
0.26 
0.65 
0,41 
0,16 
-0.23 
-0.09 
- 0 , 3 2  
-0.52 
-0.38 
-0,15 
-0.02 
-0.05 
-0.16 
-0,25 
-0.34 
-0.46 
-0.53 
-0.53 
-0.51 
-0.52 
-0.52 
-0,54 
-0.53 
-0.48 
-0.40 
-0.34 
-0.34 
-0,37 
-0.40 
-0.41 
-0,45 
-0,50 
-0.54 
-0.55 
-0.55 
-0.55 
-0.55 
-0,55 
- 183- 
TliO H I N G E D  BOD I ES PERFORM I NG PRESCR I 5 E D  RELAT I V E  MOT I O L S  
FORh'AFCD 1 fuT E G  RAT I ON 0 F EQUAT 1 ONS ( 6 3 3 1 - ( 6 3 5 1 
A INDICATES M A B N  BODY B IIRDICATES SECOND BODY 
l N P U H  INERTIA PROPERTIES: 
lMERTlA D Y A D I C  O F  A FOR A* , A ( I , J )  MASS P'lA 
5 .000000E 00 0 . 0 0 0 0 0 0 E - 0 1  0 . 0 0 0 0 0 0 E ~ 0 1  1.000000E 01 
0 . 0 0 0 0 0 Q E - 0 1  3 , 3 3 3 0 0 8 E  00 0.OOOOOOE-01 
0,OOOOOOE-01 0.QOOOOOE-01 3 .333000E 00  
VECTORS: 
A HA NA 
-5.OOOOOOE-01 0 , 0 0 0 0 0 0  1 . 0 0 0 0 0 0  
U . O O O O O Q E - 0 1  0 , 0 0 0 0 0 0  0 .000000  
0.OOOOOOE-01 - 1 . 0 0 0 0 0 0  ~ . 0 0 0 0 0 0  
INERTIA D Y A D I C  OF B FOR B *  I i B ( I , J )  MASS MI3 
0.0000OOE-01 0 . O O O O O O E - 0 1  0 , 0 0 0 0 0 0 E - 0 1  1.0000CiOE I ;O 
0 , 0 0 0 0 0 O E - 0 1  0.OOOOOOE-01 Q.OOOOO0E-01 
0 , 0 0 0 0 0 0 E - 0 1  0 ,000OQOE-Oi  0 . 0 0 0 0 0 0 E - 0 1  
VECTORS: 
B HB N B  
1 . O O O O O O E  00 0.000000 1 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0 E - 0 1  0 .000000 0.000000 
0.000000E-01 - 1 . 0 0 0 0 0 0  0.000000 
INITIAL CONDITIONS: 
INITIAL TIME = 0,000 
A N G U L A R  RATES 
W ( 1 )  = 3.1416 Cd(2) = 0.0000 W(3) = 5 . 0 5 8 2  
N U M B E R  OF CYCLES = 1 
C Y C L E  AI4PLITIIDE PERIOD PRItiTS/PEKIOU 
1 7 3 . 0 0  1 . 6 0  1 6  
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T I P.1 E 
i 1 , O O  
0 , l O  
0,20 
0,30 
0,40 
0.50 
0,GO 
0,70 
0.86 
0,90 
1,OG 
1.10 
1 , 2 0  
1 , 3 0  
1 . 4 0  
1 . 5 0  
1,60 
ALPHA 
G , O O  
0 , 9 1  
6 , 6 3  
13 0 16 
3 6 3 0  
5 3 . 8 4  
66,37 
72 e 0 9  
73,OG 
7 2  a 09  
6 6 , 3 7  
5 3 , 8 4  
3 6 . 5 0  
19*16 
6 , 6 3  
0,91 
0 , O O  
W (  1) 
3 ,  a 4  
3 , 1 4  
3.16 
3 . 2 2  
3 , 3 4  
3.52 
3 * 7 8  
4,12 
4.52 
4 , 9 1  
s o  3 1  
5,72 
6 . 0 5  
6* 22  
6 , 2 8  
6.28 
6,28 
H ( 2 )  
8.00 
0 * 0 9  
0.04 
-0.20 
- 0 * 6 2  
-1,15 
-1 .70  
- 2 . 2 1  
-2 .62  
- 2 . 3 5  
-3.03 
- 2  68 
-1*91 
-1.03 
-0,36 
-0.05 
-0 * 00  
W(3) 
5.06 
5.17 
5.45 
5 . 7 2  
5,82 
5 . 6 5  
5,21 
4 , 5 6  
3.86 
3.00 
1 .86  
0 .69  
-0.15 
-0.48 
-0 e 38 
-U, 15 
-0.03 
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